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Morrey-Sobolev Spaces on Metric Measure Spaces 



O ' Yufeng Lu, Dachun Yaner* and Wen Yuan 

■^ ■ Abstract In this article, the authors introduce the Ncwton-Morrey-Sobolev space 

on a metric measure space {^,d,iJ,). The embedding of the Newton-Morrey-Sobolev 
space into the Holder space is obtained if <^ supports a weak Poincare inequality 
and the measure fi is doubling and satisfies a lower bounded condition. Moreover, 
■^ . in the Ahlfors Q-regular case, a Rellich-Kondrachov type embedding theorem is also 

^^ I obtained. Using the Hajlasz gradient, the authors also introduce the Hajlasz-Morrey- 

r-| ' Sobolev spaces, and prove that the Newton-Morrey-Sobolev space is a subspace of the 

Hajlasz-Morrey-Sobolev space when ^ is doubling and ^ supports a weak Poincare 
inequality. In particular, on the Euclidean space M", the authors obtain the coinci- 
dence among the Newton-Morrey-Sobolev space, the Hajlasz-Morrey-Sobolev space 
and the classical Morrey-Sobolev space, and also the coincidence between the Hajlasz- 
Morrey-Sobolev space and the Hardy-Morrey-Sobolev space. In the case when ,^ is a 
metric space of homogeneous type, a characterization of the Hajlasz-Morrey-Sobolev 
space via the grand maximal function is also established. Finally, when fi is doubling 
fT^ , and satisfies some measure decay property, the authors obtain the boundedness of 

■.— 1- I some fractional maximal operators on Morrey spaces, Newton-Morrey-Sobolev spaces 

^D ' and Hajlasz-Morrey-Sobolev spaces. 
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1 Introduction 



In 1996, via introducing the notion of Hajlasz gradients, Hajlasz [18] obtained an equiva- 

C^ ' lent characterization of the classical Sobolev space on R", which becomes an effective way 

to define Sobolev spaces on metric spaces. From then on, several different approaches 

to introduce Sobolev spaces on metric measure spaces were developed; see, for example, 

[32, 15, 47, 21, 19, 28, 52, 33]. 

Throughout the paper, {^ ,d, fi) denotes a metric measure space with a nontrivial Borel 
regular measure /i, which is finite on bounded sets and positive on open sets. Let / be a 
measurable function on ^. Recall that a non- negative function (j( on <;^ is called a Hajlasz 
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gradient of f if there exists a set £■ C X such that ti{E) = and, for all x, y G ^ \ E, 

\f{x)-f{y)\<d{x,y)[gix)+g{y)]. 

The Hajiasz-Sobolev space M^'P(^) with p G [1, oo] is then defined to be the space of all 
measurable functions / € L^{^) which have Hajlasz gradients g G L^{I%^). The norm 
of this space is defined by ||/||m1'P(X) •= ll/llLP(,2r) + iiifg llffllLP(.a^')) where the infimum 
is taken over all Hajlasz gradients g of /. It was proved in [18] that when I^ = R" and 
p G (l,oo], M^'P{W^) coincides with the classical Sobolev space W^'P{W^). 

Over a decade ago, based on the notions of upper gradients and weak upper gradients, 
Shanmugalingam [47, 48] introduced another type of Sobolev spaces on metric measure 
spaces, which are called Newtonian spaces or Newton-Sobolev spaces. These spaces were 
also proved to coincide with the Hajiasz-Sobolev spaces if ^ supports some Poincare 
inequality and the measure is doubling. Now we recall their definitions. 

Recall that we call 7 a curve if it is a continuous mapping from an interval into ^ . 
A curve 7 is rectifiahle if its length is finite. All rectifiable curve can be arc-length pa- 
rameterized. Without loss of generality, we may assume that all curves appearing in this 
article are always treated as parameterized. 

Let p G [1,cxd) and F be a family of non-constant rectifiable curves on ^. The p- 
modulus of r is defined as Modp(r) := infp HpH/^pr jji;')) where the infimum is taken over all 
functions p in the admissible class -F(r) for T and 

(1.1) E{T) := < p £ [0,00] : p is measurable and / p{s) (is > 1 for all 7 G F > . 

If r contains a constant curve, then F{T) = 0. We let the infimum over the empty set 
always be infinity. 

Let / be a measurable function on ^. A non- negative function g is called an upper 
gradient of / if, for any curve 7 G Frect ; 



(1.2) 1/07(0) -/o7(/(7))!< / 9is)ds, 

where Frect is the class of all non-constant rectifiable curves in J^T. Moreover, if the 
inequality (1.2) holds for all the curves except for a family of curves of p-modulus zero, 
then we call g a p-weak upper gradient of /. The notion of p-weak upper gradient was 
introduced by Heinonen and Koskela in [20]; see also [25] and [47, 48]. 

For all p G [1, 00), denote by the symbol N^'^{^) the space of all measurable functions 
/ G U'{^) which have p-weak upper gradients g G LP{3y) and, for all / G N^''^{^), let 

WfWm^piS') •= \\f\\LP{.r) +inf ||5'||LP(.r), 

where the infimum is taken over all p-weak upper gradients g of f. The Newton-Sobolev 
space N^'P{^) is then defined to be the quotient space N^'P{^) := iV^'*'(^)/ r^ with the 
norm || • ||Ari,p{^r) := || • lljvi.pf "T'V where ~ is an equivalence relation defined by setting, for 
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all /i, /2 G iVi'P( JT), /i ~ /2 if ll/i - /2||jvi,P(^:) = 0. It was proved in [47, Theorem 4.9] 
that the Newton-Sobolev space coincides with the Hajlasz-Sobolev space if {X, /i) supports 
some Poincare inequality and the measure fi is doubling. We refer to [47, 25, 7, 17, 6] for 
more properties about these spaces. 

Recently, there are some attempts to study Newtonian type spaces in more general 
settings. Durand-Cartagena in [14] introduced and studied the Newtonian space N^'°°(^) 
in the limit case that p = oo. Tuominen [51] considered Newtonian type spaces associated 
with Orlicz spaces by replacing the Lebesgue norm in the definition of N^''p{^) with 
Orlicz norms. Using Lorentz spaces instead of Lebesgue spaces, Costea and Miranda [12] 
introduced Newtonian type spaces related to Lorentz spaces. Maly [37, 38] studied the 
Newtonian type spaces associated with a general quasi- Banach function lattice X, namely, 
a quasi-Banach function space X satisfying that, if / G X and \g\ < \f\ almost everywhere, 
then g £ X and \\g\\x < \\f\\x- 

Let < p < g < oo. Recall that the Morrey space M.p{^) (see [42]) is defined to be 
the space of all measurable functions f on ^ such that 



(1-3) WflWix) ■■= sup HB)]'/'~'/' 



\Ml{s;) ^^^ 



|/(x)|Pd/i(x) 

B 



1/p 

< oo. 



where the supremum is taken over all balls m. ^ . In recent years, Morrey spaces and the 
Morrey version of many classical function spaces such as Hardy spaces and Besov spaces, 
namely, the spaces defined via replacing Lebesgue norms by Morrey norms in their norms, 
attract more and more attentions and have been proved to be useful in the study of partial 
differential equations and harmonic analysis; see, for example, [1, 2, 3, 4, 43, 41, 35, 39, 56] 
and their references. 

The main purpose of this article is to develop a theory of Newtonian type spaces based 
on Morrey spaces, namely, Newton-Sobolev-Morrey spaces, as well as the Hajlasz-Sobolev- 
Morrey spaces on metric measure spaces. 

We begin with the following generalized modulus based on Morrey spaces. 

Definition 1.1. Let 1 < p < g < oo and F be a collection of rectifiable curves. The 
Morrey-modulus of F is defined by 

Mod^^(r) := inf \\pE.,f^„ 

where -F(r) is defined as in (1.1). 

Definition 1.2. Let / be a measurable function and g a non-negative Borel measurable 
function. If the inequality (1.2) holds for all non-constant rectifiable curves in SJ except 
a family of curves of Morrey-modulus zero, then g is called a yiodl-wcak upper gradient 
of/. 

Via these Mod^-weak upper gradients, the Newton-Morrey-Sobolev space is introduced 
as follows. 
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Definition 1.3. Let 1 < p < q < oo. The space NMp{^) is defined to be the set of ah 
u-measurable functions f such that llfll^-^-^ < oo, where 

with the infimum being taken over all Mod^-weak upper gradients g of /. The Newton- 
Morrey-Sobolev space NMp{^) is then defined as the quotient space 

with 

It is easy to see that || • \\nm''{S') i^ a norm. Moreover, when p = q, the space NMp{^) 
is just the Newton-Sobolev space N^''^{^) introduced by Shanmugalingam [47]. We also 
remark that, since Morrey spaces are Banach function lattices, these Newton-Sobolev- 
Morrey spaces are special cases of the Newtonian type spaces associated with quasi-Banach 
function lattices considered by Maly [37, 38]. 

This article is organized as follows. In Section 2, we show that the Newton-Morrey- 
Sobolev space is non-trivial by proving that the set of Lipschitz functions with bounded 
support is contained in the Newton- Morrey-Sobolev space (see Theorem 2.4 below), but 
not dense (see Remark 2.5 below), which is different from the Newton-Sobolev space. 

In Section 3, the embedding of the Newton- Morrey-Sobolev space into the Holder space 
is obtained when ^ supports a weak Poincare inequality, the measure /i is doubling and 
satisfies a lower bounded condition (see Theorem 3.1 below). Moreover, if the space ^' is 
Ahlfors Q-regular and supports a weak Poincare inequality, via proving the boundedness 
of some fractional integrals on Morrey spaces, we also obtain a Rellich-Kondrachov type 
embedding theorem of the Newton-Morrey-Sobolev space (see Theorem 3.6 below). Both 
embedding properties on Newton-Morrey-Sobolev spaces generalize the corresponding re- 
sults for Newton-Sobolev spaces obtained by Shanmugalingam in [47, Theorems 5.1 and 
5.2]. 

In Section 4, using the Hajlasz gradient, we introduce the Hajlasz-Morrey-Sobolev space 
on metric measure spaces and show that, when I^ supports a weak Poincare inequality and 
the measure /x is doubling, the Newton-Morrey-Sobolev space is a subspace of the Hajlasz- 
Morrey-Sobolev space (see Theorem 4.3 below). We also prove that the intersection of 
the Hajlasz-Morrey-Sobolev space and C(,^), the set of all functions which are almost 
everywhere continuous with respect to the Morrey modulus^ is continuously embedded into 
the Newton-Morrey-Sobolev space (see Theorem 4.6 below). This generalizes the result 
on the relation between Newton-Sobolev spaces and Hajlasz-Sobolev spaces obtained by 
Shanmugalingam in [47, Theorem 4.9]. In particular, when ^ = M", both the Newton- 
Morrey-Sobolev space NMpiW^) when \ < p < q < oo and n < q and the Hajlasz-Morrey- 
Sobolev space HMpiW^) when 1 < p < q < oo are proved to coincide with the classical 
Morrey-Sobolev space on R" (see Theorem 4.8 and Corollary 4.11 below). We point out 
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that, in the proof of Theorem 4.8, we use two key tools: the predual space of the Morrey 
space, which was found by Adams and Xiao in [1, Theorem 2.3] and [4, Theorem 7], and 
the density of C^(M") in the predual space (see Lemma 4.10 below). 

In Section 5, invoking the maximal function characterization of Hardy-Morrey-Sobolev 
spaces from Jia and Wang [30], and the coincidence between Hardy-Morrey spaces and 
some special cases of Triebel-Lizorkin-type spaces in [54, 46, 56], together with the lift- 
ing and the mapping properties of Fourier multipliers and pseudo-differential operators 
on Triebel-Lizorkin-type spaces, we first prove that, on the Euclidean space M", when 
^^ < p < q < oo, the Hajlasz-Morrey-Sobolev space HMpiW^) (see Definition 5.3 below) 
coincides with the Hardy-Morrey-Sobolev space rJ^MfiW^) (see Theorem 5.5 below), 
which generalizes the known result for Hardy-Sobolev spaces obtained by Koskela and 
Saksman [33, Theorem 1]. In a more general case when ,^ is a metric measure space 
of homogeneous type in the sense of Coifman and Weiss [10, 11], namely, a metric mea- 
sure space satisfying the doubling measure condition, we give a characterization of the 
Hajlasz-Morrey-Sobolev space via grand maximal functions (see Theorem 5.11 below), 
which generalizes the case when s = 1 of [34, Theorem 5.2]. It should be pointed out that, 
differently from the proof of [34, Theorem 5.2], the proof of Theorem 5.11 involves several 
localized arguments via a partition of unity on homogeneous type spaces. 

Finally, Section 6 is devoted to the the boundedness of some fractional maximal op- 
erators on Morrey and Morrey- Sob olev spaces. We first show, in Subsection 6.1, the 
boundedness of some certain modified maximal operators on modified Morrey spaces over 
geometrically doubling metric spaces (see Theorem 6.5 below). As an application, the 
boundedness of related fractional maximal operators on modified Morrey spaces is ob- 
tained (see Proposition 6.6 below). As further applications, in Subsection 6.2, we show 
the boundedness of fractional maximal operators on Hajlasz-Morrey-Sobolev spaces when 
J2r is a doubling metric measure space satisfying the relative 1-annular decay property 
and the measure lower bound condition (see Theorem 6.9 below). If ^ supports a weak 
Poincare-inequality, and the measure is doubling and satisfies the measure lower bound 
condition, then the boundedness of discrete fractional maximal operators on Newton- 
Morrey-Sobolev spaces is also obtained (see Theorem 6.10 below). All these conclusions 
generalize the corresponding known results on Newton-Sobolev spaces and Hajlasz-Sobolev 
spaces by Heikkinen et al. in [23, 24]. 

At the end of this section, we make some conventions on notation. Throughout the 
paper, we denote by C a positive constant which is independent of the main parameters, 
but it may vary from line to line. The symbol A < B means A < CB, where C is a 
positive constant independent of A and B. li A < B and B < A, then we write A ^ B. 
If i? is a subset of M", we denote by xe its characteristic function. 



2 Some basic properties 

In this section, we consider some basic properties of Newton-Morrey-Sobolev spaces 
including their completeness and non-triviality. Throughout this section, we only assume 
that ^ is a nontrivial Borel regular measure. 
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Recall that the Newton- Morrey-Sobolev space is a special case of the Newtonian spaces 
based on quasi-Banach function lattice X introduced in [37]. The following result is a 
special case of [37, Theorem 7.1]. 

Theorem 2.1. For all 1 < p < q < cx), the space NMp{^) is a Banach space. 

The next lemma is usually called the truncation lemma, which shows how a Modp-weak 
upper gradient behaves when multiplying a characteristic function. Its proof is similar to 
those of [12, Lemmas 4.6 and 4.7] and we omit the details. 

Lemma 2.2. Let f G NMp{^) and gi,g2 G A4p{^) be two Mod'^-weak upper gradients 
off. 

(i) If f is a constant on a closed set E, then g := giX,X'\E is also a Mod^-weaA; upper 
gradient of f . 

(ii) If E is closed in X , then h := giXE + g2XX'\E ^s o-^so a Modp-w;ea/c upper gradient 
off. 

We also need the following conclusion. 

Proposition 2.3. Let 1 < p < q < oo. For any set E d ^ with finite measure, 
\\E\\j^qio2-\ is hounded by a multiple of fj,{E)^''^ . 



Proof. Notice that 



IxeWmU^) = sup iniB)] 



1/a 



fijBnE) 

KB) 



i/p 



If /i(-B) > fi{E)/2, then hy p < q, we have 



HB) 



M<i 



lx{B) 



< [Mi?)]i/^-i/p[^(i?ni?)]Vp < [^,(i?)]i/. 



If ii(B) < fiiE)/2, then 



HB)] 



1/9 



fi{BnE) 



KB) 



1/p 



< 



HE)] 



1/g 



This finishes the proof of Proposition 2.3. 



D 



Recall that NMp{^) = N'^'^{^), which is a non-trivial space. The following con- 
clusion shows that even when q > p > 1, NMp{S^) is also not a trivial space. In what 
follows, Lip^(,^) denotes the set of all Lipschitz functions on 3J with bounded support. 

Theorem 2.4. Letl<p<q<oo. Then Lipf,(^) C NM^{^). 

Proof. Let S be a ball in ^ . By Proposition 2.3, we know that xb S A4p{^) and 

\\xb\\m$(S-)<[KB)]'^'^<oo. 
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Now let / € Lipf,(^) with supp(/) C B and L be the Lipschitz constant of /. Since 
/ G Lipf,(,^), we know that there exists a positive constant Mq such that |/| < Mqxb- 
Hence, by (1.3), we see that / G M^^) and ||/|U.(,^;) < MoHB)]yi. 

On the other hand, notice that, for ah recitable curves 7, it holds that 



|/o7(£(0))-/o7(£(7))| <Ld(7W0)),7W7))) < / Lds 



Hence L is an upper gradient of /. Then by Lemma 2.2, Lx2B is a Modp-weak upper 
gradient of /, which further implies that / G NMp{^) and 



ii/g 



Thus, Lipf,(,^) C NMp{^), which completes the proof of Theorem 2.4. 



D 



Remark 2.5. We point out that the set Lip^(,^) might not be dense in NMp(^) when 
1 < p < q < 00, which is different from the Newton-Sobolev space N^'P{J^) (see [47, 
Theorem 4.1]). We give a counterexample in the case <^ = R as follows. For A^ G N and 

j G Z, let If := [2^ + jN, 2^ + jN + 1], 



and 



<(x) := 



4x 
1, 



4cf + 2, 



-4x + 4cf + 2, 





r TV 1 


Af 


X G 


[Cj - 2> 


<^i - 


X G 


[c^-i 

l^j 4' 


cf + 


X G 


[c^ + i 


<:? + 



I], 



0, 



X G (- 



A^ 

-00, cj-"^ 



i)U(cf + i, 00), 



^fix) ■■-- 



X G \c: 



.N 



i C^ + i 
2' ^J ^ 



2J' 



X G (—00, c: 



l)U(cf+i 



2' 



CXD 



where c^ is the middle point of the interval if . Let / : 

Y1n>No T.f=o^ (Af , where iVo € N such that, for every N > Nq, it holds that 2^+^ > 

2^ + N^-N+l. Then, {if : iV > A^o, j G {0, . . . , iV 

By this and (1.3) with ^ = M, we see that, when p = ( 



ol 
1}} are disjoint with each other. 



LP( 



> 



iV-1 

E 



E 



„A^ 



1 



.A' 



1 



4'^^- +4 



Af>iVo 



TV 



00, 



which implies that / ^ LP(M). When p < Q, by this and (1.3) with J^T = M, together with 
some computations same as in [8, Lemma 2], we know that / G Mp{M) and g G A4p(M). 
Furthermore, by noticing that curves in M are intervals and {if : N > Nq, j G {0, . . . , A^— 
1}} are disjoint with each other, we see that (pf is an upper gradient of t/jf and hence 
g is an upper gradient of /. Now for any g G Lipft(M), let supp g C [A, S], A''! G N and 
ji G {0, . . . , A^i - 1} such that A^i > A^o and 2^i +jiNi>B. Then, we have 



11/ 



9\\mU 



> 



^ 31 



c . - 
31 



Ml 



>'l 



1/g 
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Thus, / can not be approximating by any sequence of functions in Lip^(M) in the norm of 
NMp{M) and hence the above claim holds true. 

3 Sobolev embeddings 

Let a € (0, 1] and C^'°'{J^) denote the a-Holder space on J%', namely, the space of all 
functions / satisfying that, for all x, y € .^, |/(x) — f{y)\ < C[d{x,y)]'^, where C is a 
positive constant independent of x and y. 

It is well known that, when ^ = M."", the following Sobolev embeddings hold true: 

(3.1) VF1'P(M") -^L"P/("-P)(R") [fp<n, 
and 

(3.2) VF1'P(]R") -^ CO'i~"/P(M") iip>n, 

where the symbol ^-)- means continuous embedding. The generalizations of (3.1) and (3.2) 
to the Newton-Sobolev space and the Hajlasz-Sobolev space on metric measure spaces 
were obtained in [47] and [20, 21]. This section is devoted to the corresponding Sobolev 
embedding theorems for Newton-Morrey-Sobolev spaces. 

Recall that a space ^ is said to support a weak {l,p)-Poincare inequality if there exist 
positive constants C and r > 1 such that, for all open balls i? in ^ and all pairs of 
functions / and p defined on tB, whenever p is an upper gradient of / in tB and / is 
integrable on B, then 



(3.3) ^ 1^ \f{x) - fB\ d/i(x) < Cdiam(i?) [j;^^ l^ [pi^W dp{x) 



i/p 



where above and in what follows, Jb denotes the integral mean of f on B, namely, 
(3.4) f^ = _l_J^f^y)dp{y), 

diam(i?) the diameter of B and tB the ball with the same center as B but r times the 
radius of B. In particular, if r = 1, then we say that ^ supports a {l,p)-Poincare 
inequality. 

It is well known that the Euclidean space supports a (1, ]5)-Poincare inequality. For 
more information on Poincare inequalities, we refer to [26, 27, 21] and their references. 

A measure ^ on ,^ is said to be doubling if there exists a positive constant C such 
that, for all balls i? in ,^, it holds that p-{2B) < Cp.{B). As a generalization of (3.2) to 
Newton-Morrey-Sobolev spaces, we have the following conclusion. 

Theorem 3.1. Let 1 < p < q < oo and Q G (0, g). Assume that {^,d,p) is a metric 
measure space with doubling measure p, supports a weak {l,p)-Poincare inequality and 
satisfies that there exists a positive constant C such that, for all x & X and < r < 
2diam(S'), it holds that p{B{x,r)) > Cr^. Then NM^{^) ^ C'^''^-Q/i{^). 
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Proof. By the same reason as that stated in the proof of [47, Theorem 5.1], we only need 
to show that if / € NMp{,^) and x, y are Lebesgue points of /, then 

l/(^)-/(y)l<K^,y)]'-'^/'^ll/IUA./,'(s-)- 

To this end, let Bi := B {x , d{x , y)) , B^i := B{y,d{x,y)) and, for all i > 1, 

Bi = 2^i-i aiid ^-i = 2^"*+^' 

Let Bq be a ball contained in Bi n B^i with radius vbq := d{x,y)/A. Since x,y are 
Lebesgue points, it follows that 

|/(x)-/(y)l<5]|/B,-/B,+J. 

Let p be an upper gradient of / such that 

\Ml(a::) + WpWmKX) ^ ll/IUA//9(,r)- 



Then, by this, (1.3), the doubling condition of ^ and the weak (l,p)-Poincare inequality, 
together with fi{TBi) > r^ , we see that, when i G N, 



(3.5) l/s. - /s,^, I < -^ f l/s, - /(x)| <iM(a^) 

where we denote by r^ the radius of B^. Similarly, for all i < —2, we also have 

\fB. - fB.^A < 2^(i-«/'^)[d(x,y)]i-«/«||/|U,,,(,^.). 

On the other hand, by the Holder inequality and the doubling condition of /i, we see 
that 



^(,-^0) Jso /^(oi3o) Jb_i 



/(x)|d^(x) 



<^^ / |/b_, -/(x)|dM^) 



rs^ 



and then, similar to (3.5), we further conclude that 

\fB^,-fBo\<[dix,y)]'-'^/m\\^M^^S-y 

Meanwhile, by the same method as this, we also find that 



\fBo-fBA<[d{x,y)]'-^/' 



NM^iX)- 
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Thus, combining the above estimates, by Q G (0, q), we see that 



\fix)-fiy)\<[dix,y)] 



l-Q/q 



E2-'^'^" 



Q/q) 



i& 



NMl^X) 



<[d(x,y)]i-Q/^||/IU,,,(^), 

which completes the proof of Theorem 3.1. D 

Remark 3.2. Theorem 3.1 generahzes [47, Theorem 5.1] by taking p = q. 

Next we give a Rehich-Kondrachov type embedding theorem for NMp{^) when p is 
smah, which can be seen as a generahzation of (3.1). We begin with the fohowing notion 
of the Ahlfors Q-regular; see, for example, [47, Definition 5.1]. 

Definition 3.3. Let Q € (0, cx)). A metric measure space ^ is said to be Ahlfors Q- 
regular (or Q-regular), if there exists a constant C > 1 such that, for any x £ ,^ and any 
r G (0,2diam(^)), 

^r^ <fi{B{x,r)) <Cr^. 

Let M be the Hardy-Littlewood maximal operator defined by setting, for all / € 
LJq^(^), the set of all functions which are integrable on all balls, and x G J^, 

(3.6) Mf{x) := sup -3- / \f{y)\ dfi{y), 

where the supremum is taken over all balls B va. ^ containing x. The following statement 
shows that the operator M is bounded on Morrey spaces. For its proof, we refer to [5] for 
example. 

Lemma 3.4. Let {J%^,d,fi) be a metric space with doubling measure and I < p < q < oo. 
Then there exists a positive constant C such that, for all f G A4p{^), 

\\Mf\\MU.r) < CWfWMim- 

We also need the following boundedness of fractional integral operators on Morrey 
spaces. 

Proposition 3.5. Let SJ be Ahlfors Q-regular with Q G (0,oo), a G (0,(5) and 1 < p < 
q < Q/a. Then the following fractional integral /„ is bounded from. Aip{^) to A4'i,{^), 
where p* := n-„a > 1* ■~ o-na '^^^ ^<^ ^"^ defined by setting, for all f G A^p(^) and 
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Proof. Without loss of generality, we may assume that / € A4p{^) is non-negative. For 
any x G ^ , Hx 5 > and write 



iM)ix) < 



fiy) 



B{x,S) [d{x,y)]Q~» 



dfi{y) + 



fiy) 



S-\B{x,S) [dix,y)]Q-» 



d^{y) 



By the Holder inequality, (1.3) and the Ahlfors Q-regular property of ^, together with 
q < Q/a, we see that 



oo „ 

(3.7) 9f\x)=Y. 



fiy) 



{x,2J+^6)\B{x,2J5) [dix,': 



W-a 



dfl{y) 



< 



X;(2^<5)"-«[M(i?(x,2^+i5))]i-i 



/p 



3=0 



< 



J2i2^6r-'^[KBix,2^+'6))]'-' 



/I 



_B(x,2J+i5) 



MUST) 



[fiy)rdKy) 



i/p 



3=0 



5^(2^-<5)°-Q(2^-<5)(i-V'')Q||/||^,(^,) < 6^-Q/^\\j ||^,(^). 



3=0 



For bs, let Aj := Bj \ Bj+i := B{x,2-^5) \ B{x,2-^~^6) for all j G N U {0} =: Z+. 
Then, by the Ahlfors Q-regular property of J^ , together with a > 0, we see that, for all 



je&+ 



^^" E 2"'"^ / fiy)Ky)<5''Mif)ix). 

^-t; f^iB3) Jb, 

Combining (3.7) and (3.8), we have 

lM)ix) < d"M{f){x) + 6"-'^/m\\Mu^,ry 
Now let 6 := ||/||^'?(^.)[M(/)(2:)]-'?/Q. Then for any x G JT, 

^.(/)(^)<ll/lQ{?^)[M(/)(a;)]i-"''/Q, 
which, together with Lemma 3.4, further implies that 

ii/«(/)iU,:(^.) < ii/C^.&.-)ii[M(/)]^--/«iu,:(^.) 



qa/Q 



a-qa/Q 



X;&-)II^^(/)IIm|S,^ii/iim?(.^:)- 



This finishes the proof of Proposition 3.5. 



D 
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Now we have the following Rellich-Kondrachov type embedding result, which generalizes 
[47, Theorem 5.2] by taking p = q, a = 1 and ,^' being bounded. 

Theorem 3.6. Let I < r < p < q < oo. Let 1 < p/r < q/r < Q/a < oo, a € 

(0, r)n(0, Q) and X he an Ahlfors Q-regular metric measure space supporting a weak (1, r)- 
Poincare inequality. Then there exists a positive constant C such that, for all functions 
f G NMp{3^), upper gradients p of f and R G (0, oo), 



\\f - fB{-,R)\\ ^ Q^i <CR^ "^ WpWmI 



Qr — qa 



{£■)■ 



Proof. Let / G NMp{^) and p be an upper gradient of /. For any Lebesgue point x for 
/, we write Bq := B{x, R) and Bi := B{x, 2~'i?) for all i G N. Since an Ahlfors Q-regular 
space is doubling, by the weak (l,r)-Poincare inequality and r > a, we see that 

oo CXD ^ ^ 

\f{x) - fBi.,R)\ < E I/b, - /B.+J < Yl -7jr^ / l/(^) - fB.lMz) 






1/r 



l/r 



rs-i 



i=0 

^f- 2-i? ff [p{z)Y ,..^^^^ 

-^ (2-ri2)"A' lis. [dix,z)]Q~- ''^^'> 

where r is the same as in (3.3). Applying Proposition 3.5, together with 1 < p/r < q/r < 
Q/a, we conclude that 

II/-/b(-,r)I 



M 


Qqr 
Qr-qa 

Qvr 
Qi — qa 


{X) 


< 


R'' 


-a/r 


\\[Up1]'/1 


1 Qrq 

Qr — qa 


;(x) 


. _^l-a/r| 


\Io 


.{Plf 


r 

Qq 
Qr-qa 








< 


R'^ 


-a/r 


\\p ll^,/.(,^. 


) 


a/^llpl 


Imu^)^ 









which completes the proof of Theorem 3.6. D 

Remark 3.7. (i) Let 1 < r < p < oo, 1 < p/r < Q < oo, and ^ be an Ahlfors Q-regular 
metric measure space supporting a weak (1, r)-Poincare inequality. Then, by Theorem 3.6, 
we see that there exists a positive constant C such that, for all functions / G N^'^{^), 
upper gradients p of / and R G (0, oo), 

\\f - fB{-,R)\\ Qp-r < C'-R ~ IIpIIlp(^)) 
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which has its own interest. 

(ii) We also remark that Theorem 3.6 generaUzes the classical result for Newton spaces 
in [47, Theorem 5.2]. Indeed, if we further assume that ^ is bounded, then we know 
that fx = /s(x,diam(,^)) ^1^ almost all x £ ^ . Thus, it follows from (i) that, under the 
same assumptions on Q, r, p as in (i), there exists a positive constant C such that, for all 
functions / G N^''^{^) and upper gradients p of /, 

\\f-h:\\ Qv^ <C[diam(jr)]i-i/'-||p||Lp(^> 
which is just [47, Theorem 5.2]. 

4 Hajlasz-Morrey-Sobolev spaces 

In this section, we introduce Morrey-Sobolev spaces associated with Hajlasz gradients 
and consider the relation between the Hajlasz-Morrey-Sobolev space and the Newton- 
Morrey-Sobolev space. 

Definition 4.1. Let Q < p < q < oo. The inhomogeneous Hajiasz-Morrey-Sobolev space 
HMp[^) is defined to be the space of all measurable functions / having Hajlasz gradients 
h^Mlia:^). The norm of / G HM^{^) is defined as 

\\f\\HM^{.9:-) ■= WfWMU-Xl +™f II^II.M|{^)' 
where the infimum is taken over all Hajlasz gradients h of f. 

We remark that HMp(^) when p = q is just the Hajlasz-Sobolev space M^'*'(j2r) in 
[18]. Moreover, JI/JIffM'?/^) = if and only if / = almost everywhere. 

Next we consider the relationship between the Hajlasz-Morrey-Sobolev space and the 
Newton-Morrey-Sobolev space. We first need the following lemma, which is a special case 
of [37, Lemma 5.6]. 

Lemma 4.2. Let 1 < p < q < oo and g be a Modp-weak upper gradient of f. Then 
for any e € (0,00), there exists a function ggr, which is an upper gradient of f, such that 
Wde ~ g\\M''(.X^) — ^ ^^'^ 9e ^ 9 everywhere on S^ . 

Applying Lemma 4.2, we obtain the following result. 

Theorem 4.3. Let 1 < p < q < 00. // J^T supports a weak {l,p)-Poincare inequality and 
the measure fi is doubling, then NMp{^) ^-t- I{Mp[^). 

Proof. Let / G NMp{^). By [31, Theorem 1.0.1], we see that ^ supports a weak (l,r)- 
Poincare inequality for some r G (0,p). By Lemma 4.2, there exists an upper gradient g 
of u such that 

\\f\\Ml(S^) + WaWuliX') ^ \\f\\NM^{X)- 
Since ^ supports a weak (l,r)-Poincare inequality for some r G (0,p), by [21, Theorem 
3.2], we know that there exists a set £^ C ^ with /x(E') = such that, for all x, y G ^\E, 

l/(x) - f{y)\ < d{x,y){[M{gn{x)]'/'^ + [Af (/)(y)]i/^} . 
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Hence a constant multiple of h := [M{g^)]^'^ is a Hajlasz gradient of /. Then, by Lemma 
3.4, we know that 

\\f\\HM^{,r) ^ \\f\\Ml(.r) + \\Hm1,{S') ~ II/IIm^(^) + lbllA1^(J:') ^ II/IUm^(^)) 
which completes the proof of Theorem 4.3. D 

Remark 4.4. When p = q, under the same assumptions as in Theorem 4.3, it was proved 
in [47, Theorem 4.9] that NM^{3C) = HM^{^). 

Next we turn to consider the inverse embedding of Theorem 4.3. The following property 
of the Morrey modulus is needed, which is a special case of [37, Proposition 4.7]. 

Lemma 4.5. Let 1 < p < q < oo and T be a collection of rectifiable curves. Then the 
following two statements are equivalent: 

(i) Mod^(r) = 0; 

(ii) there exists a non-negative Borel measurable function p £ A4p{J^) such that, for 
any 7 G T, f^p{s)ds = cx). 

Recall that a function / on ,^ is said to be almost everywhere continuous with respect 
to Mod^ if there exists a set i? C ^, with Mod^(r£;) = 0, such that / is continuous on 
^ \E. Let C{^) be the set of all such functions f on X . Then we have the following 
conclusion. 

Theorem 4.6. Let\<p<q<oo. Then C{^) n HM^{^) ^ NM^{^). 

Proof Let / € C(jr) n HM^{^). Then, by / G C{^), we know that there exists a 
set El C ^, with Mod^(r£;J = 0, such that / is continuous on ^ \Ei. Also, by 
/ G HMp{^), we see that there exists a Hajlasz gradient h oi f such that h G 7Wp(<^), 
which further implies that there exists a set E2 C ^ , with p,{E2) = 0, such that, for all 

(4.1) \f{x)-f{y)\<d{x,y)[h{x) + h{y)]. 

Since /u(£'2) = 0, similar to [47, Lemma 4.6], we may redefine the values of / and h on 
a set containing E2 of measure such that (4.1) holds for all x,y G ^ and with the 
same A4p(,^) norm. Let F be the collection of non-constant rectifiable curves such that 
/^ h{s) ds = CX). By Lemma 4.5, we have Mod^(r) = and hence Mod^(r u L^jJ = 0. 

Let 7 ^ r U r^;^ . Fix n G N and divide 7 into n subcurves 7^, i G {1, . . . , n}, with equal 
length. Since 7 is continuous, we know that Ij := 7~^(7i) is an interval and [0,^(7)] = 
Up^^Ij. By f h{s) ds < 00, we know that / h{s) ds < 00 for any i G {1, . . . , n}. Then, 
by the argument as in [47, Lemma 4.7], we see that, for any i G {1, . . . ,n}, there exists 
ti G Ii such that h{'~^{ti)) < w^ J h{s)ds, where /(7j) denotes the length of 7^. Write 

7(tj) =: Zj. Then, by this and (4.1), together with /(7j) = ^lij) and U"^]^7j = 7, we 
conclude that 

n—l n—1 

\fizi) - fiZn)\ < Y, Ifi^i) - fi^'^+l)\ < ^d(^*,^i+l)[/i(2i) + Hz,+i)] 
i=l i=l 
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n-l 

i=l 
n—1 r „ 

<2^ / h{s)ds + 


['(7.)/."*' 
/ h{s) ds 


1 /■ 


<4 / h{s)ds. 



Since 7 C ^ \ Ei and / is continuous on ^ \ Ei, by the fact that zi 
■Zn — > 7(^(7)) as n — >■ 00, we further find that 



7(0) and 



1/(7(0)) -/(7W7)))I< [m 



s) ds, 



that is, Ah is a Mod^-weak upper gradient of /. Thus, / G NMp{^) and 
l/ZM^f,*')- This finishes the proof of Theorem 4.6. 



NM^{.r) 



< 

D 



Remark 4.7. (i) We point out that, in the proof of Theorem 4.6, the condition / € C{^) 
is used to exclude those "bad curves" on which the function / may not be continuous. 

(n) From Theorem 4.6, we deduce that the closure of C{^) n HM^{S:) in HM^{^) 
continuously embeds into NMp{^). 

(ifi) When p = q, then HM^i^T) = M^'P{^) and NM^{^) = N^^P{3r). Since the set 
of all Lipschitz functions is dense in M^'P{^) (see [18, Theorem 5]), Theorems 4.3 and 4.6 
go back to the known result: under the assumptions of Theorem 4.3, N^'P{^) = M^'P(^) 
for p G [1, 00), which is just [47, Theorem 4.9]. 

(iv) Let ^ be as in Theorem 3.1 with the weak (l,p)-Poincare inequality replaced 
by the weak (1, t)-Poincare inequality for some t £ (l,p)- Observe that if ^ supports 
a weak (l,t)-Poincare inequality for some t G (l,p), then it also supports a weak (l,p)- 
Poincare inequality, via the Holder inequality. Then, by Theorem 3.1, we know that, when 
Q G (0,g) and 1 < p < g < 00, NM^{^) C C{3^), which, together with Theorems 4.3 
and 4.6, further implies that 



(4.2) 



e{3::) n hm^{^) = nm^{3^). 



(v) It is still unknown whether HM^{^) ^ NM^{^) for 1 < p < q < 00 also holds 
true or not since we do not know whether HMp{^) is contained mC{^) or not. Observe 
that, from (4.2) and [47, Theorem 4.9], it follows that HM^{^) C C{^). 

We now consider the relation between the Hajlasz-Morrey-Sobolev space and the clas- 
sical Morrey-Sobolev space on M". Let 1 < p < q < 00. Recall that the classical Morrey- 
Soholev space VKMp(]R") is defined as 



WM^{W) := {/ G M^(M") : V/ G M^(M")} , 
where V/ denotes the weak derivative of /. The norm of / G WMp{ 



is given by 



Observe that WM^{W) is just the Sobolev space W^'P{ 
We have the following conclusion. 
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Theorem 4.8. Letl <p<q <oo. Then WM^iR") = HM}{W) with equivalent norms. 

Before we prove Theorem 4.8, we need some key facts on the predual space of A^p(M") 
when 1 < p < q < oo from Adams and Xiao [1, 4]. To state them, we begin with recahing 
some notions. 

Let p G (1, oo). A non- negative function w on R"' is called an ApiW^) weight, denote by 
w G ^p(M"), if there exists a positive constant C, depending only on p and n, such that, 
for all balls B, 



(4.3) 



1 



1 



|-d| Jb I 1^1 JB 



p-1 



<c. 



A non-negative function w is called an j4i(M") weight, denoted by w G Ai(R"), if there 
exists a positive constant C such that, for almost every x G M", Mw{x) < Cw{x). 

For a G (0,n), the a-th order Hausdorjf capacity at the level e G (0,oo] of ii^ C M" is 
defined by 



A(f)(^) :=inf < 



^rf : E C [J B{xj,rj) and rj < e, j G N 



Recall that A^ is finite on all bounded sets and is only a capacity in the sense of Meyers 
(see also [4]). 

Definition 4.9. Let 1 < p < q < oo and n G N. The space Hp{M."') is defined to be the 
space of all as / G L^^^. (M") such that 



H^^R.-^) '■- 



inf 



\f{ymw{y)Y-^dy 



i/p 



< oo. 



where L^^^ (M") denotes the class of all p-locally integrable functions on M" and the infirm 
is taken over all non- negative weights w G ^i(M") satisfying that 



/ 



w aA _pn 



(oo) 



A„_k({2; G K'' : w{x) > t}) dt < 1. 



Let 1 < p < g < oo and A := pn/q. Observe that the space Hp(W^) is just the 
space i/P'^ defined by Adams and Xiao in [4], where they also proved that H^ ''^, which 
is H^l (M") by our notation, is the predual space of L^' , which is the same space as 
A4p{M.'^) in this paper; see [1, Theorem 2.3] and [4, Theorems 6 and 7]. Using this, we 
have the following useful and key lemma. 

Lemma 4.10. (i) Ifl<p<q<oo, then C^(M") is dense in H^{R"'). 
(n) If 1 <p < q < oo, then for any f G Mp{W), 



l7M^(K") — sup 



f{x)g{x) dx 



: g(^Cl 



')' ll^ll_f/''/(*'"'>(R") 



< 1 



where — I — r = 1- 
p p 
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Proof. Notice that (ii) is an immediate corollary of (i) and the fact that {H'^I (M"))* = 
Mp{W^) when 1 < p < q < oo (see [1, Theorem 2.3] and [4, Theorems 6 and 7]), together 
with a density argument. Thus, we only need to prove (i). To this end, let / € i?p(M"). 
By Definition 4.9, we see that, for any e E (0, oo), there exists a weight w G Ai{W^) such 
that J^^w (IAI^I, < 1 and 



< 



i/p 



|/f5(Mn) ^ <j 1^ \f{x)\P[w{x)] Pdx^ < ||/||h«{m-) +'^• 
Thus, /GLPi_,(]R"),where 

L^i_p(]R"') := < /i is measurable : \\h\\j^p mn) := / |/i(x)|^[w;(x)] ~^ dx < oo 

We now claim that ii w e Ai(M"), then C~(M") is dense in L^i_p(M"). Let v := w^'P 
and h G LS(R"). By the weighted boundedness of the Hardy-Littlewood maximal function 
M on LS(M") (see, for example, [49, p. 201]), and v G Ap{W^), which is deduced from 
w G Ai(]R") (see [13, Proposition 7.2]), we see that 



(4.4) 



[Mh{x)]P v{x) dx 



\h{x)\P v{x) dx ^ II^IIlP(R")- 



1 J.fx-' 



Let (j) G Cf'(R") and f^„ (pix) dx = 1. For all t G (0, oo) and x G M", let Mx) := ^^^ ^ j. 
From h G Lf,(E."-), we deduce that 



(4.5) 



lim 

R~>oo 



\h{x) - {hxB{o,R)){xWv(x)dx = 0. 



Moreover, by the Holder inequality, h G Li;(M"') and v E Ap{ 
any ball B CW, 



\h{x)\dx= / \h{x)\[v{x)]^/P[v{x)]-^/P dx 

B Jb 

1/p 



we conclude that, for 



< 



\h{x)\'Pv{x) dx 



B 



[v{x)]-P'/Pdx 



w 



< oo. 



Thus, h G L^Q^(M"), which implies that, for any R G (0, oo), hxB(o,B) G L^(M"'). By this 
and [50, Theorem 1.25], we see that, for any R G (0, oo) and almost every x G M", 



(4.6) 



lhji{hxB{o,R) * 'Pt){x) = hxB{o,R){x)- 



t^-o 



Observe that both h and {hxB{o,R)) * 'Pt for any R G (0, oo) and t > are controlled by 
Mh. By this, (4.4), the Lebesgue dominated convergence theorem, (4.5) and (4.6), we 
conclude that 



lim lim 



\h{x) - {hxB{o,R)) * MxWv{x) dx 
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< lim / \h{x) - {hxB{o,B))ixWv{x) dx 

+ lim / lim \{hxB{o,R){x) - ihxB{o,R)) * M^W^ix) dx = 

which, together with the fact that {hxB(o,R)) * 4>t ^ C^(M") for all t, R € (0, oo), further 
implies that h is approximated by functions in C^(M^). This finishes the proof of the 
claim. 

Moreover, by this claim and / G L^i_p(]R"), we see that there exists g E C^(]R") such 
that 

\f{x)-g{x)\P[w{x)]^~Pdx<e, 

which, by Definition 4.9, further implies that 

ll/-5ll/^,^(Rn)< / \f{x)-g{x)nw{x)]'~Pdx<e. 

This finishes the proof of (i) and hence Lemma 4.10. D 

Now we are ready to present the proof of Theorem 4.8. 

Proof of Theorem 4-8. Observe that the conclusion of Theorem 4.8 when 1 < p = q < oo 
is just [18, Theorem 1]. Thus, in what follows of this proof, we always assume that 1 < 
p < q < oo. 

We first show that WM^(W^) C HMji{W). Let / e WM^{W). By the definition 
of WM^{W), we see that V/ G LP{Q) for all cubes Q in M" and then, following the 
argument as in [18, p. 404], we know that, for all Lebesgue points x, y € M" of /, 

l/(x) - f{y)\ <\x-y\ [M(|V/|)(x) + M(|V/|)(y)] . 

Hence a constant multiple of M(1V/|) is a Hajlasz gradient of /. Moreover, by Definition 
4.1 and Lemma 3.4, we further see that 

ll/ll//M«(R-) < II/IIa4^(R-) + II^^(|V/|)||a4«(R") ~ ll/llA4«(R") + l|V/|lA4^(Rn) W \\f\\wM^{R")- 

This shows that WM^{W) C i7M^(]R"). 

Next we prove HM^{W') C VFM^(M"). Let / G FM^(M"). Then, by Definition 4.1, 
we see that there exists a nonnegative function h € A4p{W^) such that, for almost every 



nn 



x,y e 

(4.7) |/(^)_/(y)|<|^_y|[/,(^)+/,(y)] 

and 

II/IIai|(R") + II^IIa4^(r") ~ II/IIha/;^(r")- 
To complete the proof, it suffices to show that there exists a sequence of functions 
{^e}eG(o,oo) C A^^(K") such that, for ah (p € C^°°(]R") and i G {1, . . . ,n}, 

df 



(4. 



dxi' 



< sup 

ee(0,oo) 



(f{x)r]s{x) dx 
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and 
(4.9) 



sup WVeWMlm.") ~ II^IIa^«(R")- 
eG(0,oo) 



Assume that the sequence {'>]e}e&{o,oo) satisfying (4.8) and (4.9) exists for a moment. To 
complete the proof, by Lemma 4.10(ii), (4.8) and (4.9) for any i G {1, . . . , n}, we conclude 
that 



df 



dxi 



sup 






9/ 

dxi' 



V 



< sup sup 

■peCg°(M") £e(0,oo) 



ip{x)rjfr{x) dx 



Ikll 



■■ ^9/ (P- 1) (!,„)- 
P 



sup sup 

ee(0,oo) v&C^{v.^) 



I ip{x)r]eix) 



dx 



\M\ 



-9/(p-l)(jS„)- 



= sup WveWMm'^) ~ WHmu^'-)- 

ee(0,oo) 

From this, the definition of WMp{W^) and the choice of h, we deduce that 

ll/llw/M^(R") ^ II/IIa4^(R") + WHmKR") ^ ll/ll/fM^(R")) 

which implies that / e WM^{M.^) and |1/|!h/a/,'(R") < II/I[ha/,'(R")- Thus, HM^{R^) C 
T^M^(IR"), which is desired. 

We now turn to the proof of the existence of {%}eg(o,oo) ■ Fix z € M" and let e € (0, oo). 
Integrating (4.7) twice on B{z,£), we see that 



\fix) - f{y)\dxdy <2e / [h{x) + /i(y)] dxdy 

B{z,e) JB{z,e) J B{z,e) J B{z,e) 



■ 2e\B{z,e)f 



1 



\B{z,e)\JB 



iz,e) 



h{x) dx, 



which further implies that 



("^•10) TW-^\ [ \fi^)-fBiz,e)\dx< ^ [ [ \f{x)-f{y)\dxdy 

\B[Z,e)\ Jb(z,s) \B[Z,e)\^ J B{z,e) J B{z,e) 



<2e- 



1 



B{z,e)\ J Biz 



iz,e) 



h{x) dx. 



Choose ip e C^{B{0,1)) such that J^„'il^{x)dx = 1 and let ^a(-) := A-"^(-/A) for ah 



A G (0, oo). Notice that /jg„ ^{x) dx = 0. Then 



/*^r— = if - fB{z,e))* 



and hence, for all x G 



/•Sr'^! 



Sxi 



{f-fB{z,s))*-Q^{x) 



dxi 
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<A 



-n-l 



B{x,\) 

^^ I1V'0IIl°°(r") 



dip ( X — t 



W^^ I \fit)-fBiz,e)\dt. 

B[x,X)\ Jb{x,x) 



Let X = z and A = e. Then by (4.10), we conclude that 



(4.11) 






^Tm^ I h{x)dx<M{h){z). 



On the other hand, since / G L\^^ (M") and 99 G C^{W), it fohows that 



1. ^'^'^(^^^ 



dx = hm / — — {x^iihE * f){x) dx = — hm / <pix) I -^—^ * f ] ix) dx. 



For any e G (0, 00), let rj^ := -$r: * /. Then we see that, for any e G (0, cxd), 



Ax)^{x)dx 



< lim 

£->0 



(^(2;)?7£(x)(x) dx 



< sup 

£€(0,00) 



ip{x)rjfr{x) dx 



Moreover, by (4.11), we have \rji,\ < M{h), which, together with Lemma 3.4 again, implies 
that, for all e G (0, 00), 



This finishes the proof of Theorem 4.8. 



D 



We remark that Theorem 4.8 when p = q goes back to the equivalence between Sobolev 
spaces and Hajlasz Sobolev spaces on M" obtained in [18]. 

From Theorems 4.3, 4.6 and 4.8, we deduce the following corollary. 

Corollary 4.11. Let 1 < p < q < 00 and n < q. Then iyM^(]R") = A^M^(M") with 
equivalent norms. 

Proof. We first observe that, when p = q, the conclusion is proved by [47, Theorem 4.5]. 
Now, we assume that 1 < p < q < 00. By Theorems 4.3, 4.6 and 4.8, it suffices to show 
that WM^iM.'') C C(M"). Notice that, if / G W^M^(M"), then V/ G L^^JM'^). Then, 
following the argument in [18, p. 404], by [16, Lemma 7.16], we know that, for almost every 
X G M" and any ball B, 



(4.12) 



\f{x)-fB\< [ 

Je 



|V/(y)| 



B \x-y\ 



jdy. 



Therefore, from (4.12), the Holder inequality and (1.3), together with g > n, it follows 
that, for almost every x G M" and all R G (0, 00), 



(4.13) \f{x)-fs(^,n)\<j^ .^^^^^ 

jb(x,r) f ~ y\ 
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|V/(y)| 



f^jBi.,^)\Bi.,^)\x-y\^ 

1/p 



oo 



fc=0 

oo 



B{x,mjBi.,j^) 



-7^ , „ l^fivWdy 



< R'-"/" Y. S"'^^^-"/^) II V/|U.(M„) < i?^-"/^|| V/|U,( 



fc=0 

Thus, for almost every x,y G M", letting R := 2\x-y\, by (4.13) and B{x,R) C B{y,^), 
we then conclude that 

l/(l) - /(■/)! < l/(a:) - /b(x,H)I + 1/(9) - /fl(i,H)l 

jB{x,ij) F - zr ^ Jb{x,r) \y - zr ^ 

<|x-y|l-"■/'^||V/||^.™„^+ /" J^Ii^dz 

<|x-y|i-"/«||V/|U.(Kn). 

Then, by [40, Corollary 1], there exists a (1 — n/g)-Holder continuous function / such that 
/ = / almost everywhere, and hence in WMpiM""). Further, we could treat / and / as 
the same function in WMpiM'^). In this sense, / G C(M"), which completes the proof of 
Corollary 4.11. D 

Thus, by Theorem 4.8 and Corollary 4.11, we know that both Newton-Morrey-Sobolev 
spaces and Hajlasz-Morrey-Sobolev spaces coincide with classical Morrey-Sobolev spaces 
onM''. 

5 Pointwise characterization of Hardy-Morrey-Sobolev 
spaces 

In this section, following some ideas used in [33], we consider the coincidence between the 
Hajlasz-Morrey-Sobolev space and the Hardy-Morrey-Sobolev space on M" (see Definition 
5.3 below). When ^ \s a space of homogeneous type in the sense of Coifman and Weiss, 
a characterization of the Hajlasz-Morrey-Sobolev space via the grand maximal function is 
also established. 

Let 5(]R'^) denote the set of all Schwartz functions oriM", and 5'(M") its topological dual, 
namely, the class of all tempered distributions. Let 5oo(]R") be the set of all (p G 5(M") 
such that /jg„ (p{x)x'^ dx = for all multi-indices 7 G Z" , and 5^(M") its topological dual. 
We first recall that the definition of Hardy-Morrey space, which was originally introduced 
by Jia and Wang [30]. 

Definition 5.1. Let < p < q < cx), ^l^ G 5(M'^) with J^„ ipix) dx = 1 and supp ip C {x (^ 
M" : \x\ < 1}. The Hardy-Morrey space J^M^{W) is defined to be the set of all / G 5'(M"), 
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which denotes the , such that ^4^f S A^p(R"'), where M.^f{x) := sup^^g 1/ * V't(a^)l foi' 
all X e M", and Vt(-) := t-'^tpi'/t). Moreover, ||/||,^^Mp'{R") — ll-^t/'/IU?(R")- 

Remark 5.2. (i) Prom [49, p. 57] and the boundedness of the Hardy-Littlewood maximal 
function on M.p{W^) (see Lemma 3.4), it follows that, when 1 < p < q < oo, M.p{W^) = 
J^Mp{W^) with equivalent norms. 

(ii) By the results in [30, Section 2], we know that J^M^{W^) is independent of the 
choice of ip as in Definition 5.1. 

The Hardy-Morrey-Sobolev space is then defined as follows. 

Definition 5.3. Let < p < g < oo. The homogeneous Hardy-Morrey-Sobolev space 
J^Mlp{W) is defined to be the set of distributions / G S'^{W) such that Djf G 
J^Mp(R"') for all j G {!,..., n}, where Djf denotes the jth distributional derivative 
of f. Moreover, 

n 

ll/llirMfpCR") •= 2^ \\Djf\\jeM;i{R^)- 

The homogeneous Hajlasz-Morrey-Sobolev space on M" is defined as follows. 

Definition 5.4. Let < p < g < oo. The homogeneous Hajlasz-Morrey-Sobolev space 
HMp{^) is defined to be the space of all measurable functions / who has a Hajlasz 
gradient h G A4p{^). The norm of / G HMp{^) is then defined as 

II/IIha/9{j-) •= ™f II^IIm«{a-)' 

where the infimum is taken over all Hajlasz gradients h of f. 

Then we have the following conclusion on the relation between these spaces. 

Theorem 5.5. iei ^ < p < g < oo. Then M'Ml^^iW') = HM^{W-) with equivalent 
norms. 

To prove this theorem, we need some knowledge on the Triebel-Lizorkin-type spaces on 

M"" (see [54, 46, 56]). Let ^ := {Qjk ■ j (z'Z,k (^ Z"} be the collection of all dyadic cubes 
in M", where Qj^ := 2~-'([0, 1)" + k). For Q £ J2, we denote by i{Q) its side length and 
letiQ:=-log2^(Q). 

Recall that, for all s G M, r G [0,oo), p G (0, oo) and r G (0, oo], the Triebel-Lizorkin- 
type space Fp'rO^^) is defined as the set of all / G 5^(M") such that 



£2^-iv9,*/(x)r 



j=jp 



p/r 



dx 



i/p 



> < oo. 



where ip G 5(M") satisfies 

supp ^ C |e G M" : ^ < lel < 2| , \(p{£,)\ > C > if ^ < |^1 < | 

It was proved in [46, Corollary 3.2] that, for all < p < g < oo, the Hardy-Morrey space 
jrM^(M") = Fp'2/^~^/^(]R") with equivalent quasi-norms. 
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Proposition 5.6. LetO <p<q<oo. Then M'Mlp{W) = fI'^^^~'^'''{W) with equiva- 
lent quasi-norms. 

Proof. We first show .J^Mf^iW) ^ F^'^^^^'^^'^iW). Let / G ^Mfp(M"). Then for ah 
ie{l,...,n}, A/ e JTM^'iR^) and || A/|U'M,^(Mn) < WfW^M.j^ny Recah that, by [46, 

Corollary 3.2], ^M^(]R") = Fp'2/^~^/^(M") with equivalent quasi-norms. We then know 
that Dif G Fp;2/^"^/''(M") and 

For i G {1, . . . , n}, let i?i be the Riesz transform defined by setting, for all g G S'^{W^), 

where i denotes the imaginary unit, and I^ with u G M be the Riesz potential operator 
defined by setting, for all g G 5^(M"), 

Then it is well known that 

(5.2) DJ = -hRif inS'^iR''). 

Recall that, by [54, Proposition 3.5], / G F;,|'^'^(M") if and only if I^f G Fp.'r (M"), and 
Wfllp^f'^iR") ~ II-^^/IIfp"';(iR")- H^^ce, by A/ G F^y ^""^^^(M") and (5.2), together with 
(5.1), we know that Rif G Fpf''~'^^'^{W^) and 

for all i G {1, . . . ,n}. 

On the other hand, by the mapping properties of Fourier multipliers on Triebel-Lizorkin- 
type spaces in [55, Theorem 1.5], we know that Ri is a bounded operator on F ^ (M") 

and hence RiRif G F '^ (M"), which, together with the fact that 



f = ^R,RJ in 5^ 



1=1 



further implies that / G Fp'^^'^~^^'^{R'^) and ||/||^i,i/p-i/9(jj„) < ll/ll.irMi%{R")- This fin- 
ishes the proof for ^Mf ^(M") ^ F^'j^^^^^^R''). 

Now we prove Fp'^2^^~'^^\R'') ^ ^M-'p(M"). Let / G Fpf^~'^^\R^). Then by the 
mapping properties of pseudo-differential operators on Triebel-Lizorkin-type spaces in [46, 
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Theorem 1.5], we know that, for all i G {l,...,n}, A/ G F°'^2^''~'^^''{W') = ^M^(R") 
and 

llA/|[,irM«{R") ~ llA/||^o,i/p-i/9(ig„-) < 11/11^1, i/p-i/9(ig„)- 

This implies that F 2 (M") M> J^MfCUJ^) and hence finishes the proof of Proposi- 

tion 5.6. D 

In particular, when p = q, Proposition 5.6 goes back to the known coincidence between 
Hardy-Sobolev spaces and Triebel-Lizorkin spaces. 

By [56, Proposition 8.2], we know that Fp'2'^^"^''''(M") C L^^JM") in the sense of 
4S^(M"), which, together with Proposition 5.6, further implies the following conclusion, 
the details being omitted. 

Corollary 5.7. Let < p < q < 00. Then JifMfp{W^) C L^^JM") in the sense of 

Next we turn to the proof of Theorem 5.5. 

Proof of Theorem 5.5. The case g = 00 is a special case of Hajlasz [18, Theorem 1], and 
we only need to consider the case q < cx). Assume first that / G JifMfJW^). Then, by 
Definition 5.3, we see that, for each j € {1, . . . ,n}, Djf G jrM^(]R") . By Corollary 5.7 
and [33, Theorem 7], we know that, for all balls B C W\ there exists a set E C M" of 
measure such that, for all x,y (z B\ E, 

\f{x) - f{y)\ <\x- y\[Mi{Df){x) + Mi{Df){y)], 

where we used the notation in [33] that, for all x G M", 

(5.3) Mi{Df)ix):= max Mi(Z),/)(x) := max sup\{Djf,^)\, 

je{l,...,n} jG{l,...,n} 

in which the supremum is taken over all compactly supported smooth functions (f satisfying 
that, for some r G (0, co) and all j G {1, . . . , n}, 

(5.4) supp if C B{x,r), ||(/?||Loo(iR;n) < r~" and \\Djip\\L^(^^n) < r"""^ 

Therefore, by the definition of Hajlasz gradients, we see that g := Mi{Df) is a positive 
constant multiple of a Hajlasz gradient of /. 

We now choose that -0 satisfies (5.4) with 93 replaced by ip, and /jj„ ip{x) dx = 1. Using 
Remark 5.2(ii) and repeating the proofs of Lemma 2.1 and Lemma 2.4 in [30], we find 
that, if j^ < 1 < q < 00, then it holds that 

n 

which, together with Definitions 5.1 and 5.3, further implies that 



l5llx^(M") ~ 2_/ ll-^V'(-^i/)llA4?(M") ^ Z_j ll^i/IU^A/«( 
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< 



This implies that =^Mj'p(M") C 



Thus, / G HM^{W^) and \\j \\hmI{r«) ^ \\J II^M«^(Rn)- 

Now we suppose / € HAIp{W^). Then, by Definition 5.4, there exists a Hajlasz gradient 
g £ M.p{W^) of / such that ||5'||_A/(9™n-) < '^WJUhm'^ir^^)- Notice that, for any bah B{a,r) C 
M" with the center a G M" and the radius r € (0, oo), by the Holder inequality, we have 

n 

g G L\^^ {B{a, 2r)) C Lf^+i {B{a, 2r)), since P > ;^. From this and [33, Proposition 5], it 
follows that 



(5.5) inf 



B 






x)-c\dx<r\ ^ I b(x)]"/('^+i) dx 

I \B[,a,2r)\ J B(a,2r) 



(n+l)/n 



This inequality implies that / G L\^^ (M"). Moreover, from (5.5), we further deduce that 



\B{a,r)\ jB(a,r) [ |^(a,2r)| jB{a,2r) 

By (5.6), (1.3) and Definition 5.4, we conclude that, for all cp G '^ooCl^"'), 
f{x)(j){x) dx 

[fix] - fB{o,i)](l){x) dx 

Ifjx) - fB{0,l)\ A f \f{x)- fB{0,l)\ 

3(0,1) (1 + |2:|)^ ^ ^yB(0,2»)\B(0,2-i) (1 + |2;|)^ 

r ,. ^ {n+l)/n oo 

< / b(x)r/("+i)dx +E2~''^/ \fi^)-fBio,2^)\dx 

[Jb{0,2) J ^ Jb{0,2') 

oo 



{n+l)/n 



< 



1=1 



B(fi,l) 



\f{x) - fB{o,i)\dx 



{n+l)/n 



, I , °° 9~i{N~n) 

< / [9ix)r/^-^'Ux\ ^eLt^u 

[Jb{0,2) J ^ l^(,U,2*)| Jb(o,2>) 

oo r - „ "> 1/p 

oo 



\f{x)- fB{0,2')\dx 



\B{U,2'+'-)\ Jb(0,2'+1) 



i=0 



where we chose iVGNandAf>n + l- n/q. Thus, / G 5^(M"). 

Moreover, similar to the proof of [33, Theorem 1], by (5.6), we conclude that, for all 

xeW, 



(5.7) 



M^{D,f)ix) < [Af(5"/("+^))(x) 



(n+l)/n 
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Applying Lemma 3.4, together with 1 < ^^p < ^^Q < oo, we know that M(5"'/("+^)) G 

n + l 

>1^^(]R"), which, together with (5.7) and (1.3), implies that M^{Djf) e A^^(M") and 
\\M.^{Djf)\\j^qn^n\ < ||fi'llAi«(R")- Therefore, by Definition 5.3 and the choice of g, we 
know that / G Jf Mf ^(R") and 



I^Mi%(M") ^ I15'IIa4«{M") ^ II/IIhA/«(R")' 

which completes the proof of Theorem 5.5. D 

Remark 5.8. Observe that Theorem 5.5 generalizes [33, Theorem 1] by taking p = q. 

Next we consider the corresponding result of Theorem 5.5 on spaces of homogeneous 
type, which were introduced by Coifman and Weiss in [10, 11]. Recall that a metric 
measure space {^,d,fi) is called a space of homogeneous type, if there exists a constant 
Co € [1, oo) such that, for all x G ,^ and r > 0, 

(5.8) fj,{B{x,2r)) < Cofi{B{x,r)) (doubling property). 

We now recall the notions of test functions and the approximation of the identity on 
spaces of homogeneous type (see, for example, [22, 34]). In what follows, for any x,y (^ ^ 
and r G (0,oo), let V{x,y) := fi{B{x,d{x,y))) and Vr{x) := p,{B{x,r)). It is easy to see 
that V{x,y) Ki V{y,x) for all x,y & ^ . 

Definition 5.9. Let x\ G X , r G (0, oo), /3 G (0, 1] and 7 G (0, 00). A function ip on ,3^ 
is said to be in the space Q{xi,r,(3,j), if there exists a nonnegative constant C such that 

(ii) \ip{x)-ip{y)\ < C l+^l;f^],/vr{x,)+v(x^,x) i r+d[x,,x) V for ah x,y £ .^ satisfying that 
d{x,y) < [r + d{xi,x)]/2. 

Moreover, for any ip G Q{xi,r,(3,j), its norm is defined by 

llvllg(xi,r,/3,7) := inf{C : (i) and (ii) hold}. 

Fix XI G ^, let ^(/3,7) := g{xi,l, p,-f) and ^(/3,7) := {/ G ^(/3,7) : f^f{x)d^{x) = 
0}. Denote by (^(/3, 7))' and {g{/3, 7))', respectively, the dual spaces of ^(/3, 7) and ^(/3, 7). 
Obviously, by the Definition of e(/3,7), we see that (^(/3,7))' = (e(/3,7))VC. Let A := 
{A(a;)}xG5;-,fcGZ with 

(5.9) Ak{x) := {0 G d(l, 2) : |I.^||g(,,2-M,2) < 1} 

for aU X G ^ (see [34, Definition 5.2]). 

Definition 5.10. A sequence {Sfcl^g^ of bounded linear integral operators is called an 
approximation of the identity of order 1 (for short, ^-AOTI) with bounded support, if 
there exist positive constants 6*3,(74 such that, for all k G Z and x,x',y,y' G ^, Sk{x,y), 
the integral kernel of 5"^ is a measurable function from ^ x J%^ into C satisfying that 
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(i) Sk{x,y) = Oifd{x,y)> C42 ^ and \Sk{x,y)\ < C3 v^_^{x)+v^^k(y) '' 
(ii) \Sk{x,y)-Sk{x',y)\ < Gs2^'d{x,x')y-^^^^^^^y-^ iid{x,x') < max{C4, l}2i-^ 
(iii) \Sk{y,x)-Sk{y,x')\ < C32^d(x,xO v-^_^(,)^v-,_,fa) if d(x,x') < max{C4, l}2i-^ 

(iv) \[Sk{x,y) - Sk{x,y')] - [Sk{x',y) - Skix',y')]\ < 0^2^' v'}X-]+vX\y) ^^ d{x,x') < 
max{C4, l}2i-^' and d{y,y') < max{C4, l}2i-'=; 

(v) /^. Sk{x, y) dfi{y) = 1 = j^^- Sk{x, y) d^{x). 

It is known that there always exists an 1-AOTI with bounded support on a space of 
homogeneous type; see [22, Theorem 2.6]. 

Let ^ be a space of homogeneous type, s G (0, 1], p G (0, oo), q £ [p, oo] and r G (0, oo]. 
The homogeneous grand Triebel-Lizorkin-Morrey space AF^ .{^) is defined to be the set 
of all/ G (^(1,2))' such that 



-^^ p,q,r\'^' ) 



X l/r 

5^2^- sup \{fAW\ 



< oo 

Ml(x:) 



with the usual modification made when r = oo. 



Theorem 5.11. Let ^ he a space of homogeneous type. If p G (^^^,oo) and q G [^,00], 
then AFp {^) = HMp{^) with equivalent norms. 

To prove this theorem, we need the following partition of unity for ,^, which is an 
immediate consequence of Christ's dyadic cube decomposition for spaces of homogeneous 
type in [9, Theorem 11], and the partition of unity for open sets with finite measure 
constructed by Macias and Segovia in [36, Lemmas (2.9) and (2.16)]. 

Lemma 5.12. Let J%^ be a space of homogeneous type. Then there exist a sequence {Bj}j 
of open balls with the finite intersection property and a sequence {4>j}j of non-negative 
functions in Q{1, 2) such that fi{^\(L)jBj)) = 0, supp (pj C Bj for all j and ^ • (j)j{x) = 1 
for almost every x £ ^ . 

Proof. By Christ's dyadic cube decomposition in [9, Theorem 11], there exists a sequence 
{Qi}ieN of open sets such that fi{^ \ (UjQj)) = and Qi (iQk = ^ ^^i ^ k. 

For each Qi, applying Macias-Segovia's partition of unity for open sets with finite 
measure (see [36, Lemmas (2.9) and (2.16)]), we know that there exist a sequence {B^Aj 
of open balls with the finite intersection property and a sequence {(p)}j of functions in 
Q{1, 2) such that ^jBj = Qi for all i, supp 0* C Bj for all i,j, and ^ • 0*- = XQ, for all i. 
Then /i(^ \ (Ujji?*)) = 0, supp 0* C B^- for all i, j, and Yli j 'P)i^) = 1 for almost every 
X G ^. This finishes the proof of Lemma 5.12. D 

We also need the following two technical lemmas. 
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Lemma 5.13. Let X he a space of homogeneous type, x,y (z ^ and /cq € Z such that 
2-ko-i ^ d{x,y) < 2^^". Assume that k < kQ. Then there exists a positive constant C, 
independent of k^, k, x andy, such that 

C2~>'[d{x,y)r'[Skix,-) - Skivr)] (^ Ak{x), 

where Ak{x) is as in (5.9). 

Proof. For x, y S ^ and /c € Z as in Lemma 5.13, let 

(/>i"'^)(z) := 2~''[d{x,y)]~^[Sk{x,z) - Sk{y,z)] for all z € ^. 
By Definition 5.10(v), it is easy to see that 



,9r 



t(^.S/) 



We now prove that (p)^'^' satisfies Definition 5.9(i) with 7 = 2 and r = 2 , namely, for 
all ze ^, 



(5.10) 



d^^y) 



<pr>{z) 



< 



1 



V^-,ix) + Vix,z) 



2-fc 



n2 



2-'' + d{x,z) 



We establish this estimate by considering the following two cases. 

Case 1) d{x,z) > C42~'^ and d{y,z) > C42~^. In this case, (5.10) automatically holds 
true by Definition 5.10(i). 

Case 2) d{x,z) < 0^2"^ or d{y,z) < C42~^. In this case, hy k < kQ and hence 

(5.11) d(x, y) < 2-^^ < 2-^ < max{C74, l}2^-^ 
together with Definition 5.10(ii), we see that 

(5.12) \Skix,z)-Skiy,z)\<2'd{x,y). 



1 



V2~-k{x) + V2-k{z)' 



When d{x, z) < C42 '^, we see that 
2-fc 



(5.13) 



1, and V2-k (x) + V2-k (z) ^ V2~k (x) + F (x, z) (by (5.8)) . 



2-^ + d{x,z) 

When d{y, z) < C/i2~ , by fc < k^, we know that 

d(x, z) < d{x, y) + d{y, z) < 2-'=° + €^2-^ < (1 + 0^)2-^. 

Thus, in this case, (5.13) also holds true. By (5.13) and (5.12), we then obtain (5.10). 
We turn to proving that (Pk''^ satisfies Definition 5.9(ii) with /? = 1, 7 = 2 and r = 2" 
that is, for all z,w (^ ^ with d(z, w) < ^ ^^'^' , 

d{z, w) 



(5.14) \<pt'\z) - 4>t'H'^y < 



2-^ + d{x, z) V2-k (x) + y (x, z) 



n2 



2"'' + d{x,z) 
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Write 

I := |<A^^)(z) - <t>t''\w)\ = 2'\d{x,y)r\Su{x,z) - Su{x,w)] - [Sk{y.z) - Sk{y,w)]\. 

We establish the estimate by considering the following three cases. 

Case a) d{x,z) < max{C4, 1}2^~'^. In this case, we see that (5.13) holds true and 

d{z,w) < 2 — max;{C4, 1}2"^~ . Thus, by the last estimate, (5.11) and Definition 

5.10(iv), we see that 

(5.15) I< 2'^^^'") 



V2-,ix) + V2-,iz) 



From this and (5.13), we further deduce (5.14) in this case. 

Case b) d{x,z) > max{C4, 1}2^~'^. In this case, by Definition 5.10(i), we know that 
Sk{x, z) = 0. Observing that 

d{y, z) > d{x, z) - d{x, y) > maxjQ, 1}22-^' - 2"'' > Cil''', 

by Definition 5.10(i) again, we also have Sk{y,z) = 0. 
li d{z,w) < jd{x,z), then 

(5.16) d{x, w) > d{x, z) - d{z, w) > -d{x, z) > 042'^ 
and 

(5.17) d{y, w) > d{x, z) - d{x, y) - d{z, w) > -d{x, z) - d{x, y) > 0^2'^ . 

Thus, Sk{x,w) = Sk{y,w) = 0, and hence I = in this case. 

RecaU that, since d{x,y) < 2~''" < 2~^ , we have 2"*^ + d{y,w) ^ 2~^ + d{x,w) and 
V2~k{y) + V{y,w) ss V2-k{x) + V{x,w). By this, together with Sk{y, z) = Sk{x, z) = and 
Definition 5.10(i), we see that, ii d{z,w) > jd{x,z), then 

(5.18) l = 2'''[dix,y)]-^\Skix,w)-Sk{y,w)\< ^ 



r^ 



V2-k{x) + V{x,w) 



2^^ + d{x,w) 



Observing that, in the present case, it holds true that \d{x, z) < d{z, w) < _l££2 a,nd 

d{x,z) > 2~^, which implies that 

(5.19) 2~^ + d{x,w)^2~'' + d{x,z). 
From these estimates, we further deduce that 

(5.20) V2-k (x) + V{x, w) ^ V2-k {x) + V{x, z) 

and 

d{z,w) d{z,w) 



(5.21) 1 < 



d{x,z) ^2 ^ + d{x,z) 
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Combining (5.18), (5.19), (5.20) and (5.21), we then obtain (5.14). 

Case c) niax{C4, 1}2^~^ < d{x,z) < max{C4, 1}2^~^. In this case, we further conclude 
that 5fc(x, z) = and 



(5.22) 



d{z,w) < ^ ""+5^'^) < max{C4, 1}22-^ 



i-fc 



< 



If d{z,w) < max{C4, 1}2 , the proof is same as that in Case a). If max{C4, 1}2 
d{z,w) < max{C4, 1}2^~'^, then d{z,w) ^ d{x,z) ^ 2~^ and d{y,z) > d{x,z) — d{x,y) > 
max{C4, l}2i-^ - 2-'=° > 0^2-''. By this and Definition 5.10(i), we see that Sk{y,z) = 
and, in this case, I = 2~''[d{x,y)]~^\Sk{x,w) — Sk{y,w)\. Then, repeating the proof of 
Case b), we also obtain (5.14). This finishes the proof of Lemma 5.13. D 

Lemma 5.14. Let ^ be a space of homogeneous type, x £ ^ and A; € Z. Then, there 
exists a positive constant C, independent of k and x, such that C[Sk+i{x,-) — Sk{x,-)] G 
Ak{x). 

Proof For any x G JT and A; G Z, let (j)%{y) := \Sk+i{x,y)- Sk{x,y)\ for all y £ ^. Then, 
by Definition 5.10(v), we know that J a- (ptiv) ^^^iv) — 0- Write 



Ii := \Sk+i{x,y) - Sk{x,y)\ 



and 



I2 := \[Sk+i{x,y) - Sk{x,y)] - [Sk+i{x,z) - Sk{x,z) 
It suffices to show that 



(5.23) 



li[V^-,{x) + V{x,y)] 



d{x,y) + 2- 



< 1 



and, for any d{y,z) < „^^'^ , 



(5.24) 



[2-'^ + dix,y)f[V,-.{^) + V{x,y)] ^ 
^ 2-2fc(i(y,z) ~ • 



To prove (5.23), we consider the following two cases. 

Case 1) d{x,y) > Ci2~^. In this case, from Definition 5.10(i), we deduce that Ii = 
and hence (5.23) holds true. 

Case 2) d{x,y) < C/i2~^. In this case, by Definition 5.10(i), we know that 



(5.25) 



li[V^M^) + V{x,y)] 



d{x,y) + 2- 



< 



V2-k{x) + V{x,y) , V2-k{x) + V{x,y) 



+ 



Fa-fe-i (x) + V^2-*-i (y) ■^^2-fe ix) + V^-k [y) ■ 
From (5.8), it follows that 

(5.26) V{x,y) < V,-,{y), V,-,ix) < V^-.-iix) and V^-^iy) < V,-,-i{y). 
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Combining (5.25) and (5.26), we then obtain (5.23). 

To prove (5.24), we let d{y,z) < _S22Ml and consider the fohowing three cases. 

Case a) d{y,z) < max{C4, 1}2~^'. In this case, by (5.26) and Definition 5.10(iii), we 
see that 

2''d(y z) 
(5.27) h < \Sk+i{x,y) - Sk+iix,z)\ + \Sk{x,y) - Sk{x,z)\ < — — ' — --^. 

Ifd{x,y) < Ci2-^, then (5.27) imphes (5.24). li d{x,y) > 0^2-^ and d{x,z) > 0^2'^, 
then (5.24) is triviahy true, since, by Definition 5.10(i), I2 = in this subcase. If d[x, y) > 
Ci2-^ and d{x,z) < 0^2''', then d{x,y) < 2'^ since d{y,z) < '^~'"+^^''^y^ and d{x,y) < 
d{x, z) + d(y, z); thus, in this subcase, (5.24) also holds true. 

Case b) max{C4, 1}2~'^ < d{y,z) < max{C4, 1}2~'^+^. In this case, by (5.8), we see 
that 

V^-k-i (x) + V{x, y) « V2-U-1 {x) + V{x, z) « V^-k (x) + V{x, y) « V^-u {x) + V{x, z) . 

From this and Definition 5.10(i), we further deduce that 

1 



(5.28) h < 



V2-k{x) + Vix,y)' 



If d{x,y) < Ci2~^ or d{x,z) < 6*42"'^, then, by d{y,z) < 2~^ , we always have d{x,y) < 
2~^, which further implies that 2~^ + d{x,y) ~ 1; by this and (5.28), we conclude that 
(5.24) holds true. If d{x,y) > C^2~^ and d{x,z) > C^2~^^ then, in this subcase, I2 = 
and (5.24) is trivially true. Thus, (5.24) always holds true in Case b). 

Case c) d[y, z) > max{C4, 1}2~'''"'~^. From this assumption and d{y, z) < ^ ^^'^^ , We 

further deduce that 

(5.29) d{x, y) > 2d{y, z) - 2-^ > max{C4, l}2-'=+2 - 2"*^ > ^42"*^+^ 

If d{x,z) > Ci2~^, then, in this subcase, I2 = and (5.24) is trivially true. If d{x,z) < 
Ci2-^, then d{x,y) < d{x,z) + d{y,z) < Cil'^ + ^'"^^^'^^y^ and hence d{x,y) < 2^^, 

which, together with (5.29), (5.8) and d{y,z) < ^^^^ implies that d{x,y) ~ 2"^^, 

V{x,y) ^ V2-k{x), d{y,z) < 2~^ and hence d{y,z) ^ 2~^; from these estimates and 
Definition 5.10(i), we finally deduce that 

I, < I < I < 2-^<i(,, .) 



V2^k{x) + V2-k{z) - V2-4x) + V{x,y) ~ [2-k + d{x,y)f [V2-k{x) + Vix,y)]' 

This finishes the proof of (5.24) and hence Lemma 5.14. D 

Proof of Theorem 5.11. The proof of HM^{^) C AF^^^^i^) is similar to that of [34, 
Theorem 1.1], the details being omitted. 

We now prove the converse inequality, namely, AFp^g^^{^) C HMp{.^). Let / € 
AF} q ooi"^) ^"^^ {-Sfclfcez be a 1-AOTI with bounded support. We first assume that / is 
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a locally integrable function. In this case, applying [22, Proposition 2.7], we know that, 
for almost every x € ,^, 

lim Sk{f){x) = f{x), 

k—^oo 
from which we further deduce that, for almost every x,y € ^, 

(5.30) \f{x) - f{y)\ < |5fc,(/)(x) - Sk,{f)iy)\ 

+ Y, [\Sk+i{f){x) - 5,(/)(x)| + \Sk+i{f){y) - Sk{f){y)\] , 

fc>fco 

where ko e Z such that 2-^° < d{x,y) < 2^^". Let (l)^ko^\z) := Sko{x,z) - Sko{y,z) and 
(j)^{y) := Sk+i{x,y) — Sk{x,y). Then, by Lemmas 5.13 and 5.14, there exists a positive 
constant C such that Ccfy^'^ G Ak^ix) and C(t)% G Ak{x). For every x € =^, let 

(5.31) 5(x):=sup sup 2^= | (/,,/.) | , 

where Ak{x) is as in (5.9). Then, by / G AFpq,^{S^), we know that g G M.p{S^) and, by 
(5.30), (5.31) and the choice of /cq, we conclude that 



sup |(/,0)|+ sup |(/, 



(5.32) \fix)-fiy)\< sup |(/,</,)|+J] 

< 5] 2-'= [9(x) +5(y)] < d{x,yMx)+g{y)]. 
fc>fco 

Therefore, from Definition 5.4 and g G M${^), we deduce that / G HM^{S:) and 

To complete the proof, we only need to show that, for every / G AFp^q^^{^), there 
exists a locally integrable function / which coincides with / in (^(1, 2))'. In the case that 
p G (l,oo), the proof is similar to that of [34, Theorem 1.1], the details being omitted. 
We now assume that p G {n/{n + 1),1]. Let x, y G X' . We pick ko € Z such that 
2-Ko-i <; d{x,y) < 2 ° . li k > ko, then, by the same reason as that used in the proof of 
(5.32), we see that 

(5.33) \Skif){x) - Sk{f){y)\ 

fc-i 

< Y, [\S,+i{f){x) - 5,(/)(x)| + |5,+i(/)(y) - S,{f){y)\] 

+\SkM)ix) - Sk,{f){y)\ 

oo 

< Y 2''b(^) + g{y)] + 2-'°5(x) < 2-^^[g{x) + g{y)] 

j=k(s 
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^d{x,y)[g{x) + g{y)]. 

If k < kf), then by Lemma 5.13 again, we know that there exists a positive constant C 
such that ^ 

C2-''[d{x,y)]-'[S,{x,-) - S,{y,-)] e A,{x). 

From this, we deduce that 

2'^[dix,y)r' [ [Skix,z)-Sk{y,z)]f{z)dfiiz)<2-^gix) 
and hence 



(5.34) 



\S,{f){x) - Sk{f){y)\ 



[Sk{x,z) - Skiy,z)]f{z)dfi{z] 



X 



< 



d{x,y)g{x) < d{x,y)[g{x) + g{y)]. 



Thus, by (5.33) and (5.34), we find that ^f is a Hajlasz gradient of Sk{f) for aU A; € Z. 

Fix a bounded set B C ^. By [34, Lemma 4.1], we know that, for any k ^"L, there 
exists Cfc G M such that Sk{f) - Ck £ U'*{B) with 



(5.35) 



^i{B) 



B 



\Sk{f){x) - Cur dfi{x) 



-ll/p. 



^-{M^Lb'^'i"""^: 



i/p 



where p* := ^^^ > 1, since p > :^nr[- From the weak compactness of L^*{B), it fohows 
that {Skif) — Ck}k£Z has a subsequence, denoted by {5fc(/) — Ck}kGZ again without loss 
of generahty, which converges weakly in LP*{B) and hence almost everywhere in S to a 
certain function f^ G L'^'^B). Moreover, notice that, for all x G ^ , k GZ and i G N, 

j-i 
(5.36) \Sk{f){x) - 5,+.(/)(x)| < ^ \Sk+,{f){x) - Sk+j+i{f){x)\ < 2~^g{x). 

j=0 

Thus, by 5 G M^^), we see that, for ah k, k' G Z, Sk{f) - Sk'{f) G M^i^). Since 
S is a bounded subset oi ^, hy p* > p and the Holder inequality, we further know that 
Skif) — Sk'if) G L'P{B). On the other hand, by the Holder inequality, (5.36) and (5.35), 
we deduce that, for all /c. A;' G Z+, 



\Ck — Ck' 



1 



< 



/^(^) JB 
1 



Ck -Ck'\dfi{x) 

Skif)ix) -Ck- Sk'if){x) + Ck'\dfi{x) 



f^{B) JB 

+^ I \Skif)ix)-Sk'if)ix)\di^{x) 



< 



l^{B) JB 

YhT [\\Sk{f) - Ck\\LP*{B) + \\Sk'{f) - Ck'\\Lr'*{B)\ 



[^{B)Y/v* 
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+ : 



1 



Skif) 

\g{x)f d^i{x 



Sk'{f)\\LP(B) 

i/p 



+ 2 



- iiiin(fc,fe') 



1 



[^(i?)]Vpll^ll^''(^) 



<(rB + l)K^)]^/^||5||^.(^-). 

Thus, |Cfc — Cfe'l is dominated by a positive number depending on B but not on k, k' G Z+. 
This observation implies that we can choose a subsequence {Ck }j^n which converges to 
a positive constant C^, which depends on B. Since {Skj{f) — Ckj}jeN converges almost 
everywhere in B to f^, and Sk{f) converges to / almost everywhere, it follows that / 
coincides with / + C almost everywhere in B, and hence in (ty(l,2) n ^{B))', where 
^{B) is the set of all functions on J%' with supports in B. Write / := / + C . Then 
/ = /S in (^(1, 2) n ^{B)y and, by p G L^* (B), f^ is also a locally integrable function. 
We still need to show that there exists / € L\^^{^) such that (/, V') = (/iV') for ah 
ip € ^(1,2). To this end, by Lemma 5.12, choose a partition of unity, {<^j}j C Q{1,2), 
on ,^ and a sequence {Bj}j of open balls, with the finite intersection property, such that 



0, supp 



^j C Bj, 



is non- negative and ^ • (j)j {x) = 1 for almost every 



fii^\{U,B,)) 
x€ ^. 

Let / J be the locally integrable representation of / in {Q{1,2) n ^{Bj))' and define 
/ := /^J pointwise on Bj for all j. Notice that, by the construction of f^^, for almost 
every x € Bi H Bj, /^'(x) = f{x) = f^^{x). Thus, / is well defined. Moreover, it is 
easy to see that, for all -0 € ^(1, 2), ^ • iljcjij converges in Q{\, 2). Indeed, we may assume 
that the cardinality of {</'j}j is infinite and indicated by N; otherwise, it is trivially true. 
For any e E (0, oo), by the construction of {SjjjgN and 0j S Q{1, 2), especially, the finite 
intersection property, we know that there exists L € N such that Bj n B{xi, 1/e) = for 
ah j > L. For x G B{xi, 1/e), Y.j& \^{x)(t)j{x)\ = 0; for x i B{xi, 1/e), by Y.j>l 
and ijj G Q{1, 2), we see that 



< 1 



E 



|V'(x)0j(x)| 



< 



[Vi{xi) + V{xi,x)]^ \l + d{xi,x) 



< 



1 



1 



1 



yi(3;i)yi(rEi) + y(xi,x) I 1 + 



1 



1 + d{xi,x) 



< 



1 



1 



Vi{xi) + V{xi,x 
Therefore, for all x G <^, we have 

Y^ mx)^,{x)\ < e \ \ ^ 

■^ Vi{xi) + V{xi,x) 



1 + d{xi,x) 



1 



1 + d{xi,x) 
Moreover, for all x,y £ ^ satisfying that d{x,y) < (1 + d{xi,x))/2, it holds true that 



^|^(x)0j(x) 



■^{y)4'j{y)\ 



d{x,y) 



1 + d{xi,x) 



1 



Vi{xi) + V{xi,x) 



1 



1 + d{xi,x) 
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Indeed, if x, y G B{xi,l/e), then Y.j>l \'4'{x)4>j{x) - ilj{y)4>j{y)\ = 0; if y G B{xi,l/e) 
but X ^ B{xi, 1/e), then (j)j{y) = for aU j > L, and hence 

Y, mx^,{x) - i;{y)My)\ = E \^i^)U^) - i^i^)My)\ = E \^i^)\\U^) - My)\ 

j>L j>L j>L 



< 



d{x,y) 



l + d{xi,x) [Vi{xi) + V{xi,x) 



1 



<r2. 



d{x,y) 



1 



1 + d{xi,x) 
1 



1 + d{xi,x) Vi(xi) + V{xi,x) yl + ^(2^1 1 X 

if re, y ^ B{xi, 1/e), by the finite intersection property of {Sjjjg^ and an argument similar 
to that used in the above, we also have the desired inequality. Thus, '^j^fqip4>j converges 
in ty(l,2), and hence 



\ jGN / jGN jGN \ j=l 

This finishes the proof of Theorem 5.11. 



{f,i^)- 



D 



We remark that. Theorem 5.11, when p = q, goes back to [34, Theorem 5.2] in the case 
s = 1 therein. Moreover, the proof of Theorem 5.11 is different from that of [34, Theorem 
5.2]. Indeed, comparing with the proof of [34, Theorem 5.2], the proof of Theorem 5.11 
needs several localized arguments, in which a partition of unity on spaces of homogeneous 
type plays a key role (see Lemma 5.12). 

To end this section, we consider the case of inhomogeneous spaces. 

Definition 5.15. Let < p < g < cxo. The inhomogeneous Hardy-Morrey-Soholev space 
JTMf p(M") is defined to be the set of functions / G Ml{W') such that Djf G jrM^(M") 
for all j G {1, . . . ,n}, where Djf denotes the jth distributional derivative of f. Moreover, 



^M9p(R") '■- 






The inhomogeneous grand Triebel-Lizorkin Morrey space is defined as follows. 

Definition 5.16. Let ,^ be a space of homogeneous type, s G (0, 1], p G (0, 00), q G [p, 00] 

and r G (0, 00]. The inhomogeneous grand Triebel-Lizorkin-Morrey space AFp^gj.{^) is 
defined to be the set of all / G ((?(1, 2))' such that 



-^ p,g,r 1=^ ) 



1/r 



J] 2'^- sup i(/,</.)r 



< 00 



Ml,(.^) 



with the usual modification made when r = 00. 
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Similar to the proofs of Theorems 5.5 and 5.11, respectively, we have the following 
results, the details being omitted. 

Theorem 5.17. Let p G (^,oo] and q G [p,oo]. Then, M'Mlp{W) = HM^{W) with 
equivalent norms. 

We remark that, when p G (1, oo] and q G [p, oo]. Theorem 5.17 goes back to Theorem 
4.8, since, in this case, ^M-^p(M") = WM^,{W) (see Remark 5.2). Also, Theorem 5.17 
completely covers [33, Corollary 10] by taking p = q. 

Theorem 5.18. Let ^ he a space of homogeneous type, p G (;^,oo) and q G \p,oo\. 
Then, AF}^ {^) = HMp{^) with equivalent norms. 

Observe that, when p = q, Theorem 5.18 coincide with [34, Theorem 5.2]. 

6 Boundedness of (fractional) maximal operators 

This section is devoted to the boundedness of (fractional) maximal operators on Morrey 
type spaces over metric measure spaces. 

In Subsection 6.1, for a geometrically doubling metric measure space {^,d,fi) in the 
sense of Hytonen [29], we show, in Theorem 6.5 below, that the modified maximal operator 
Mq (see (6.1) below) is bounded on the modified Morrey space A4p {^), which, when 
{.^,d,iJ,) := (M", I • I,//) with fj, being a Radon measure satisfying the polynomial growth 
condition (also called the non-doubling measure), was introduced by Sawano and Tanaka 
[45]. As an application, the boundedness of the fractional maximal operator Ma on this 
space is also obtained in Proposition 6.6 below. 

In Subsection 6.2, if /x is a doubling measure, as applications of Theorem 6.5 and 
Proposition 6.6, we show the boundedness of the fractional maximal operator Mq on 
Morrey spaces (see Corollary 6.7 below), from which, we further deduce, in Corollary 6.8 
below, the boundedness of the fractional maximal operator M^ on Morrey spaces when 
yU further satisfies the measure lower bound condition (see (6.3) below). If // is doubling, 
satisfies (6.3) and has the relative 1-annular decay property (see (6.6) below), we then 
obtain the boundedness of Ma on HMp{^) (see Theorem 6.9 below). Finally, we prove 
that, if yU is doubling and satisfies (6.3), and ^ supports a weak (l,p)-Poincare inequality, 
then the discrete fractional maximal function M* is bounded on NMp{J^) (see Theorem 
6.10 below). 

6.1 Maximal operators on Aip {^) 

In 2010, Hytonen [29] introduced the notion of geometrically doubling metric mea- 
sures which include both spaces of homogeneous type and the Euclidean spaces with non- 
doubling measures satisfying the polynomial growth condition; see also the monograph 
[53] for some recent developments of this subject. 

A key notion appeared in [29] is the following geometrically doubling. 
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Definition 6.1. A metric measure space {,^,d,fi) is said to be geometrically doubling, if 
there exists Nq € N such that any given ball contains no more than Nq points at distance 
exceeding half its radius. 

From the geometrically doubling property, we deduce the following conclusion, which 
is used later on. 

Proposition 6.2. Let (^,d, ^) be a geometrically doubling metric measure. Then, for 
any ball B{x,r) C ^, with x ^ X and r £ (0,oo), and any ni > 77-2 > 1, there exist 
rQ € (0, 00), a constant A^ € N, depending only on ui, 77.2 and the constant Nq in Definition 
6.1, and N balls {B{xi,rQ)}f^^ such that niB{xi,ro) C n2B{x,r) for all i € {!,..., A} 
and B{x, r) C yjf^iB{xi, ro). 

Proof. Let ni and 722 be as in Proposition 6.2, and k := [log2(^^^)J + 1, where \t\ 
denotes the maximal integer not more than t € M. We claim that, for any y £ J^ 
and baU B{x,r) C JT with j; € JT and r G (0,oo), if B{y,^) n B{x,r) / 0, then 
niB(y,-^) C n2-B(x,r). Indeed, by choosing z € B{y,-^) H B{x,r) and observing that 
k > log2(^), we have 

d{x, y) < d{x, z) + d{z, y) < il + ^\r < {n2- ^ 

Thus, for all w S niB{y, ^), 

nir ( n\\ 

d{w, X) < d{w, y) + d[y, x) < ^ + [n2 - -^j r = n2r, 

which shows the above claim. Then, by repeating the proof of (1) =^ (2) in [29, Lemma 
2.3], we obtain the desired conclusion, which completes the proof of Proposition 6.2. D 

Now we recall the definition of the modified Morrey space, which, when {^,d,fi) := 
(M", I • |,/i) with // being a Radon measure satisfying the polynomial growth condition, 
was originally introduced by Sawano and Tanaka [45]. 

Definition 6.3. Let k G (0, 00), 1 < p < q < 00 and ^ be a metric measure space. The 
modified Morrey space M-p \^) is defined as 

A^^'('=)(jr) := {/ G L^,J^) : ||/||^,,W(^.) < 00} , 



where 



„(.)•= sup [^(i?(x,A;r))]V'?-i/p 



1/p 

\f{y)?d^l{y) 



iB{x,r) 

where the supremum is taken over all balls B{x, r), with x £ ^ and r G (0, 00), of ^ . 

Proposition 6.4. Let {^,d,n) be a geometrically doubling metric measure space and 
1 < P < (7 < 00. Then, the space A4p (S^) is independent of the choice of k £ (l,oo). 
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Proof. Let h, ^2 G (l,oo). We need to show that Ml'^'''\^) and Ml'^''^\^) coincide 
with equivalent norms. To this end, without loss of generality, we may assume that 
ki < k2. By Definition 6.3, we easily find that M'},'^'''\^) C M^'^'''^( JT). Thus, we still 
need to show the inverse embedding. Let -B be a ball in J^ . By Proposition 6.2, there 
exist N balls {Bi}^-^ with the same radius such that, for all i G {1, . . . ,N}, k2Bi C kiB 

and B C U^iBi, where N depends only on ki, /c2 and A'^o in Definition 6.1. By these, we 
see that 



[fi{kiB)]'/'^-'/P 



\fix)\Pdfiix) 



i/p 



N 



< 



Y^HkiB) 



1/q-l/p 



i=l 

N 

i=l 



\fix)\Pd^Lix) 



Bi 



Ip 



i/(x)rd/i(x) 



i/p 



i/p 



Bi 



By the arbitrariness of B and Definition 6.3, we conclude that 

^(fel),„^,■^ < ^^||/||,.9,(fc2)/ 



Ml 



'{X) 



'Ml 



>(xy 



which further implies that Mp ^ (J^T) C Mp ^ {^) and hence completes the proof of 



Proposition 6.4. 
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Recall that, for a G [0,1] and /3 G [IjCxo), the modified fractional maximal operator 
Ma is defined by setting, for all / G L\^^ {^) and x G ^, 



(6.1) 



M^'5)/(x):=supKi?(x,/3r))] 



a-l 



r>0 



r(i) 



B{x,r) 



\fiy)\dKy). 



In particular, we write M^ '■= Ma ■ 

Then we have the following conclusion, which generalizes [45, Theorem 2.3], wherein 
the corresponding result on the power bounded measure spaces on W^ was obtained. The 
proof of Theorem 6.5 is similar to that of [45, Theorem 2.3], and one key tool used in 
the proof is the LP(;u)-boundedness of the central Hardy-Littlewood maximal operator 
on geometrically doubling metric measure spaces (see [44]). For the convenience of the 
readers, we give the details. 

Theorem 6.5. Let ^ be a geometrically doubling metric measure space, I < p < q < oo, 
/3 G (l,oo) and k G (l,oo). Then, there exists a positive constant C such that, for all 

fGMl^^'\^), 



(6.2) 



^r/iL-w,.-^^c'ii/ii w,) 



"Ml,-"''{S/) 



Mi'^'-'is-y 
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Proof. By Proposition 6.4, it suffices to consider the case that k := -g^ > 1. Let / € 

M''/^\.S^) and 5o C ^ be a bah. Define ^ := |^ > 1, /i := fx^s^ and /2 := / - /i- 
Then, by Definition 6.3, together with 1 < p < g < oo, we have 



[fi{kpBo)Y/P~^/'' Uf}Bo J A4j, (^) 

where we used the fact that M^ ' is bounded on LP{fi), which follows from the boundedness 
on U\p.) with p G (l,oo] of the central Hardy-Littlewood maximal operator Mq in the 
present setting (see [44]) and M^^'' < mI^^\ 

To estimate /2, observe that, if i? C J?^ is a ball satisfying that B f] Bq ^ and 
B n {X \ (^Bq) ^ 0, then the radius tb > ^-^tbq = az^'^Bo' where tb and tbq denote, 
respectively, the radii of B and Bq, and hence -Bq C 2~^- Therefore, we see that, for 
any x £ Bq, 

Mf /2(x) < sup -^ / |/2(y)| dfiiy) < sup ^1- / |/(y)| dfi{y) 

xeB IJ'KPB) Jb BoC^^B f^\"^) Jb 

- ^^P , 2/3 „x / l/(y)I^Ai(y) = sup / \f{y)\dii{y), 

BocB ii{j^B) Jb Bocb f^ikB) Jb 

and hence, by this, the Holder inequality and Definition 6.3, we further see that 
^ ^ ^ >/f /2(y)]^(i/.(y)l 

Bo 



[fi{kpBo)]yp-^/i 

- [^i{k(3Bo)Y/p-y^ BocB f^ikB) Jb " ^^^' ^^'' 

^ HBo)]yp ^^^ [M(i?)]i"VP r . tVp 



[/i(A;/3Bo)]i/p-i/9 Bocs /i(A;S) 



\fiy)\'df,iy) 

B 



|>.(Bo)]'/- [/.(B)]'-'/P , ,^„,,,/p-i„| 

[^(5)]1-1/P+1/'? 

" iS [Ax(fci?)]i-VP+i/a II^IU^-W(,r) ^ ll^ll^?'Wm' 

where the last inequality follows from the fact that Bq C B and k, /? > 1. This estimate 
for /2, together with the previous estimate for /i and Proposition 6.4, further implies that 
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which completes the proof of Theorem 6.5. 



D 



Using Theorem 6.5, we have the following boundedness of the modified fractional max- 
imal operator Ma on the modified Morrey space. 

Proposition 6.6. Let ^ be a geometrically doubling metric m,easure space, 1 < p < q < 
oo, 13 E (l,oo), a G (0, 1/q) and k £ (1,cxd). Then, there exists a positive constant C such 
that, for all f (£Mf''\^), 



mi^^fw 



_y^,9.(fe)(jr) ^ \\J llA^9.(fc)(_^-), 



where p := j^ and q := j^. 

Proof. By Proposition 6.4, it suffices to consider the case that A; = /3 S (1, oo). 

For any ball B{x, r) d ^ with x € ^ and r > and / € A4p (^), we know, by the 
Holder inequality, (1.3) and (3.6), that 



[lx{B{x,l3r))] 

= [i,{B{x,M)T-^ 



^f{y)\di,{y) 

B(x,r) 



<[^l{B{x,M)] 



B(x,r) 
a-l+(l-|)ag 



\f{y)W{y) 



aq 



\f{y)W{y) 



lB{x,r) 

\f{y)\''d^i{y) 



l—aq 



[lJi{B{x,pr))]^ ? JB(x,r) 



B{x,r) 

IfiyWd^y) 



B(x,r) 



\fiy)\dKy) 



l—ag 



/i(S(x,/3r)) 



B{x,r) 



\fiy)\dKy) 



l—aq 



< 



aq 



(,. fMo^^V(x)]^-°^ 



M^p"''{.r) 



which, together with (6.1), implies that, for all x E ^, 



Mi^^f{x) < 



aq 



.jMf/(x)] 



l — aq 



Then, by Theorem 6.5, we see that 



l|M(^)/|| 



A4|(«(S-) 



< 






aq\ 



< 



1/11 



M'/^^x-) ^ I'-^I'ai|'""(^)' 



which completes the proof of Proposition 6.6. 
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6.2 Fractional maximal operators on HM^{^) and NM^{^) 

Recently, Heikkinen et al. [23, 24] studied the boundedness of some fractional maximal 
operators on the Newton-Sobolev space and the Hajlasz-Sobolev space over metric measure 
spaces. In this section, we consider the corresponding problem for Newton-Morrey-Sobolev 
spaces and Hajlasz-Morrey-Sobolev spaces. 
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Throughout this section, we always assume that the measure fi is doubling (see (5.8)). 

Recah that it is well known that any space of homogeneous type is also geometrically 
doubling (see [10, pp. 66-67]). Moreover, since /i is doubling, we see that, for any /3 G (1, oo) 
and a G [0, 1], there exists a positive constant C, depending on /3 and a, such that, for 
all / € ^iocl-^) and x G JT, M^f{x) < Cui^^ f{x). From these facts, Theorem 6.5 and 
Proposition 6.6, we immediately deduce the following conclusion. 

Corollary 6.7. Let 1 < p < q < oo and a € [0, 1/(7). Then, there exists a positive 
constant C, depending on a, p and q, such that, for all f G Aip{J%^), 



where p := -, ^ and q := -, '^ . 

As an application of Theorem 6.5, we obtain the following boundedness of fractional 
maximal operators on modified Morrey spaces. 

Recall that a measure fi is said to satisfy the measure lower bound condition, if there 
exists a positive constant C such that, for any x £ ,%' and r € (0, 00), 

(6.3) n{B{x,r))>Cr^ 

for some Q € (0, cx)). 

Recently, if fi satisfies (6.3), Heikkinen et al. [24] established the boundedness from 
LP(jr) to L^(jr) for p G (1,Q) and s := ^^ of the following modified fractional 

maximal function Ma, defined by setting, for any a € [0, 1], / G L\^^ {^) and x S ^ , 



(6.4) Maf{x) := sup — ^ / \f{y)\ df^iy). 

r>0 Ki^[X,r)) JB{x,r) 

It is easy to see that, in the present setting, there exists a positive constant C, depending 
on a and Q, such that, for all / G L\^^{^) and x G ^, Maf{x) < CMaf{x) , which, 
together with Corollary 6.7, implies the following conclusion. 

Corollary 6.8. Let 1 < p < q < 00 and a G [0, 1/q). Assume that fi satisfies (6.3). Then, 
there exists a positive constant C , depending on a, p and q, such that, for all f G M.p{3^), 

(6-5) II'^-^ILk,.:-) - ^ll^ll-^?(-^)' 

where p:= j^ and q := j^. 

Recall that I^ is said to satisfy the relative 1- annular decay property, if there exists a 
positive constant C such that, for all x G ^ , R G (0, 00) and h G (0, R), 

(6.6) ii(Br\ [Bix, R) \ Bix, R-h)])< C—fi(B) 

for all balls B with radius r^ < 3i?; see, for example, [24, (2.5)]. 

Now we turn to the boundedness of the fractional maximal operator M^ on Hajlasz- 
Morrey-Sobolev spaces. 
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Theorem 6.9. Assume that fi satisfies (6.3) and X has the relative 1-annular decay 
property (6.6). Let 1 < p < q < oo and a € {0,Q/q). Then, for any f € HMp{X), 
Maf S HMp* (X), where p* := q_^„ and q* := q_^ . Moreover, there exists a positive 
constant C, depending only on the doubling constant, Q, p, q and a, such that, for all 
f G HM^iX), _ 

ll^a/llj|^M''*(.r) - ^\\f\\HM^i.r)- 

Proof. The proof is similar to that of [24, Theorem 4.5]. Let / G HMp{X) and g € 
A4p{J^) be a Hajlasz gradient of / such that ||5||;v('J(jr) ^ ll/ll_ffM''(.*;)- ^^ i^ ^^^y to see 
that g is also a Hajlasz gradient of |/|. Let r G (l,p) and define 

l/r 

By an argument similar to that used in the proof of [24, Theorem 4.5], we know that g 
is a Hajlasz gradient of M^d/I), as well as Maf, since Ma{\f\) = M^f. Moreover, by 
p/r > 1, (1.3) and (6.5), we see that 

(6.7) Mu'^^irr) = ll^-^(^')llA^f./;(i>:-) ^ "^'"^'«/;(,r) ^ WaWuim- 

Combining (6.7) and Definition 4.1, we obtain the desired conclusion and then complete 
the proof of Theorem 6.9. D 

We point out that. Theorem 6.9 when p = q goes back to [24, Theorem 4.5]. 

Now we recall the discrete fractional maximal operator M* introduced in [23, Section 
5]. Let {-B(a;j, r)}jgN be a ball covering of J^ such that {B{xi,r)}i^'^ are of finite overlap. 
Since J^ is doubling, the overlap number A^ depends only on the doubling constant and 
is independent of r. Let {v^ijigN be a partition of unity related to {B{xi,r)}i^^ such that 
< i/^i < 1, ifi = ^ on. X \B{xi, 6r), ipi>v oxi B{xi, 3r) and tpi is Lipschitz function with 
Lipschitz constant L/r, where L G (0, oo) and v G (0, 1] are constants depending only on 
the doubling constant, and X^ieN V^« = ^- '^^^ discrete convolution of it G Lj^^{X) at the 
scale 3r is defined by setting, for all x G ^, 

Ur{x) := ^iPi{x)uB(x„3r), 

where WB{a;,,3r) denotes the integral mean of u on B{xi,3r) (see (3.4)). Now, let {rjjjgN 
be a sequence of the positive rational numbers, and {B{xij,rj)}i^f^ for each j is a ball 
covering of X as above. Then, the discrete fractional maximal function M^u of u is 
defined as by setting, for all x G X, 

M^u{x) := supr^l-ulrJx). 

Similar to the proof of [23, Theorem 6.3], we obtain the following result on the boundedness 
of M* on Newton-Morrey-Sobolev spaces. 
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Theorem 6.10. Let fi satisfy (6.3), 1 < p < q < oo and a € (0, Q/q). Assume that 2J is 
complete and supports a weak {l,p)-Poincare inequality. Then, for any f E NMp{^), it 
holds that, M*f G NMf{^) with p* := Qp/iQ-aq) and q* := Qq/{Q-aq). Moreover, 
there exists a positive constant C , independent of f , such that 

Proof. Let / G NM^{3^) and g G Ml{3^) be a Mod^-weak upper gradient of / such that 
(6-8) WgWulis:-) < 2||/||^jv^9(_^-). 

By [23, Lemma 5.1] and (6.5), we have 



(6.9) ||M*/|| 



< 






V 



By the same reason as that used in the proof [23, Theorem 6.3], observing that the 
pointwise Lipschitz constant of a function is also an upper gradient of that function, we 
see that a positive constant multiple of {M^qQ^Y'^ is a Mod^-weak upper gradient of M*/, 
where lies in (l,p) such that the weak (1, 0)-Poincare inequality is supported by ^ . By 
g^ E A^^/g(=^) and p/6 > 1, together with [23, Lemma 5.1] and (6.5), we know that 

(6.10) m*Mt"\\M^^i:,:)^\\9\\Ml[.s:y 

Combining (6.8), (6.9) and (6.10), we obtain 

ll^a/iUM;:(,r) ^ II^"/IU^:(^-) + ii[K.(/)]^/'ii^,:(^-) 

~ ll/ll7M|(.r) + \\9\\M%r) ^ II/IUm^c^)' 

which completes the proof of Theorem 6.10. D 

We remark that Theorem 6.10 when p = q goes back to [23, Theorem 6.3]. 
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